Mathematica 11.3 Integration Test Results

Test results for the 159 problemsin "1.1.1.4 (a+b x)"m (c+d x)*n (e+f
x)"p (g+h x)*q.m"

Problem 33: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

A+BXx
dx
\/m\/c+4—)—b S \/e+—(—)—b e
a a

Optimal (type 4, 145leaves, 3 steps):
2 a%/2 BELLlipticE [ArcSin | i=casbx | | le]

Va ’1c
- +
b2/1-c (1-e)
2+/a (aBe+A(b-be)) EllipticF[Ar‘cSin[@\Em@], i:—i}
b2v/1-c (1-e)

Result (type 4, 309 leaves):
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-112 (a+bx>3/2
-1l+c
-1+c+ 2
a 1 N
-B (—1+C+ -l+e+ - JiaB(—1+e) arbx
-1+c a+bx a+bx v az+bx -1+c
a
-l+e+ 2 -1+c
-1l+c 1
=X E11ipticE i ArcSinh| , =] i(aBc+A(b-bc))
-l+e \a+bx -l+e +/a+bx

a
~1+c+ 2 ~1l+e+ 2 “1+c 1ic
(-1+e) arbx arbx EllipticF[i ArcSinh| ]s ] /
-1+c -1l+e /a+bx -1l+e

Problem 34: Result unnecessarily involves imaginary or complex numbers.

A+BX

J\/a+bx Ve rdx /e+4—Lb ’1a*e X

Optimal (type 4, 221 leaves, 5 steps):

dx

-||2aBV-bc+ad blerdx) EllipticE[ArcSin[ﬁV“bx],_(bc‘ad) (1—e)]/
bc-ad m ad
(bz\/?(l—e)\/C+dx) + 2\/?(aBe+A(b—be)) %

V1i-e \/a+bx] B ad
Va " (bc-ad) (1-e)

EllipticF [Ar‘cSin [

I/ [0* (1-e)2/cvdx ]|

Result (type 4, 312leaves):
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112 | a (a+bx>3/2
-1l+e

bB 71‘19 (c+dx) (ae+b (-1+e)x) . b (- dx) lie.

(a+bx)2 a+bx d(a+bx) “1+e

EllipticE[i ArcSinh| 1, ]

a

b (c+dx) -l+e+

a+b x

EllipticF[i ArcSinh| ]s
d(a+bx) ~l+e 2+Dbx ad

b (-1
ab?d+c+dx \/e+&

a

Problem 43: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Ve+dx VJe+fx Vg+hx
j dx

a+bx

Optimal (type 4, 570leaves, 12 steps):
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2\/c+dx \/e+-Fx \/g+hx

3b
d(e+fx)
2+/-de+cf (3adfh-b(dfg+deh+cfh)) e o Vg+hx
e-C
\/ de-cf)h d h
EllipticE[Ar‘cSin[ﬁ C*dx}, (de-cH) ]/Bbzd\/?h\/m (g+hx) .
J-de+cf f (dg-ch) dg-ch

2+/-de+cf (3a°dfh’-3ab(de+cf)h>-b>(dg(fg-eh)-ch(fg+2eh)))

d f d h A/ de-cf)h
(e +Fx) g-hx] EllipticF[Ar‘cSin[\/? crdx |5 (de-cf) ] /
de-cf dg-ch J_de+ctf f(dg-ch)

(3b3dﬁh\/e+fx \/g+hx>—

2(be-af)/-de+cf (bg—ah)\/d<e+fx) Jd<g+hx) EllipticPi|

de-cf dg-ch

77b(de—cf) Ar‘cSin[ﬁ c+dx] (de—c-F)h] /(b3ﬁ\/e+fx \/g+hx>
(bc-ad)f’ Jdeicf  fldg-ch)

Result (type 4, 29892 leaves) : Display of huge result suppressed!

Problem 54: Result more than twice size of optimal antiderivative.
J V2-3Xx

\/—5+2X \/1+4X

dx

Optimal (type 4, 47 leaves, 2 steps):
| & /5-2x EllipticE[Arcsin[ 2], 3]

1

2/ -5+2x
Result (type 4, 111 leaves):
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(1+4x) EllipticE[ArcSin[ ———], 3] /(2\/2—3x V16 ax |

Problem 58: Result unnecessarily involves imaginary or complex numbers.

J Ve+dx
(a+bx) e+fx /g+hx

dx

Optimal (type 4, 293 leaves, 8 steps):

d f d h N de-cf)h
2+/-de+cf e+ Fx) g+ hx] EllipticF[Ar‘cSin[\/? € rdx ] de-c¥) ] /
de-cf dg-ch V-de-cf  fldg-ch)

(o VerFx VEThx) - sz‘”e*“) J‘”g*“x)
de-cf dg-ch

EllipticPi[—M,Ar‘cSin[ﬁ“c+dx , (de_c’c)h] /(bﬁveﬂcx \/g+hx)
(bc-ad) f V-de+cf f(dg-ch)

Result (type 4, 202 leaves):

d h
-|l2ivVec+dx M
dg-ch
'F(C+dx> deh-cfh b(—de+C'F)
EllipticF|i ArcSinh| ) | - EllipticPi| ————F,
de-cf dfg-cfh (bc-ad) f
f d - f d
i ArcSinh| (ALL) ],dEh cfh} /b Flevdx) Ve+fx Vg+hx
de-cf dfg-cfh d(e+fx)

Problem 59: Result unnecessarily involves imaginary or complex numbers.

J (C+dx>3/2 4
X
(a+bx) e+fx /g+hx
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Optimal (type 4, 449 leaves, 11 steps):

2d+/-fg+eh Vc+dx

f h vh A/ d(fg-eh
449514451 EllipticE[ArcSin[ h verfx }, ( e-¢ ) } //
fg-eh J-fgreh  (de-cf|n

b T _F (c+dx)

de-cf

de-cf dg-ch

JEhx |+ Z(bc—ad)m\/d(eﬂcx) Jd(g””)

V?KR;HQd (de-cf)h
V dercf  fldg-ch)

EllipticF[ArcSin[

] //(bZ\/? Je4+fx g+ hx )—

d f d h b(de-cf
2(bc-ad)-de+cf (e +x) lghx) EllipticPi[—-—j—li—:L—l,
de-cf dg-ch (bc-ad) f

ViiJ?TE;j (de-cf)h
V dercf  fldg-ch)

APcSin[

] //(bZ\/? Je4rfx \/ga—hx:

Result (type 4, 381 leaves):
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1
b2 fh+/g+hx
bdf (g+h f(g+h
2+ferax | 2oflehx f, [Flerho ~bd (be-af) (-fg+eh) ELLipticE[i ArcSinh|
Jeqrfx h(e+fx)
—eq fe
h (de-cf)h

| +f|-b(ad* (-fg+eh)+b(d’eg-2cdeh+c?fh))

Jeifx = d(-fgreh)

—e+ 2
h . (de-cf)h

Jerfx  d(-fgreh)

EllipticF[i ArcSinh| |+ (bc-ad)*fh

_e, t8
h

(be-af)h (de-cf)h
EllipticPi[ —————"——, i ArcSinh| ) /
b(-fg+eh) Verfx d(-fg+eh)

&(be+af)Je+ifﬂJ:E:12i;

Problem 68: Result unnecessarily involves imaginary or complex numbers.

ci+dix
J dx
Ve+dx VJe+fx Vg+hx

Optimal (type 4, 137 leaves, 3 steps):

fig+h d(fg-eh
2\/7Fg4+eh ivc+rdx 4—£§i——§l EllipticE[ArcSin[xﬂ;ﬁvz;:¥:?}, - ( g-¢ )} //
fg-eh V-fgreh (de-cf)h
f d
N I LA A e
de-cf

Result (type 4, 180 leaves):
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f(c+dx) . deh-cfh

“|l2iivec+dx \/g+hx EllipticE[jAr‘cSinh[ R
de-cf dfg-cfh

| - EllipticF|

‘F<C+dx> ],

1 ArcSinh
[ de-cf dfgfcfh

VerFx

dehfcfh c+dx g+hx)
d e+fx dg-ch

Problem 69: Result unnecessarily involves imaginary or complex numbers.

a+bx
J dx
Ve+rdx Ve+fx V/g+hx
Optimal (type 4, 284 leaves, 6 steps):

d(e+fx)

de-cf)h
2by/-descf mEllipticE[ArcSin[ﬁm}, (de-cf) ] /
de-cf JdercF | fldg-cn)

d/f hi/e+fx dlerhx) -2/ -de+cf (bg—ah)\/d(eHCX) \/d(g+hx)

dg-ch de-cf dg-ch

VENedn ) (e e /o nerx Verhx)
m ‘F(dg_Ch>

EllipticF [ArcSin|

Result (type 4, 319leaves):

2 bdz\/Tdf@Jrfx) (g+hx)jb(decf)h(c+dx>3/2\/:E::Zi; \/:t::i;

EllipticE|i ArcSinh|

- S er cfh]ﬂid(be—a1‘:)h(c+dx)3/2
e+dx -

-c+ %8

d(e+f d(g+h f .

e+ fx) g+ hx] EllipticF[i ArcSinh | ], 4fg-cth, /
fc+dx) \[ h(c+dx) Jc+dx = deh-cfh

de
[d2 /—c+— fh/c+dx Ve+fx \/g+hx]
.F
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Problem 70: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(a+bx) Ve+rdx Ve+fx V/g+hx

Optimal (type 4, 165 leaves, 4 steps):

d f d h b(de-cf
~|l2+/-de+c¥ (e +Fx) (grhx] EllipticPi[—4—£—E—:i—l,
de-cf dg-ch (bc-ad) f

\/?m] (de-cf)h
V dercf  fldg-ch)

ArcSin|

] /((bc—ad)\/?\/eﬂcx \/g+hx)

Result (type 4, 225 leaves):

-C+ —
d(e+f d(g+h f -
2i (c+dx) e+ x) LALL) EllipticF[i ArcSinh| ,4fe Cfr]]-
f(c+dx) h (c+dx) Verdx deh-cfh

.. (bc-ad)f _ TF . dfg_cth
E111pt1cP1[7, 1Ar‘c51nh[ R } /
b(-de+cf) Jerdx deh-cfh

d
[(bc+ad) —C+Te Ve+fx \/g+hx

Problem 71: Result unnecessarily involves imaginary or complex numbers.

1
J(a+bx> (c+dx)3/2\/e+fx Vg+hx

dx

Optimal (type 4, 393 leaves, 10 steps):
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2d2+/e+fx VJg+hx
(bc-ad) (de-cf) (dg-ch)/c+dx

f h N d(fg-eh
2d\/?\/—'Fg+eh e+dx 7(g+ X> EllipticE[Ar‘cSin[\/F e fx s — (g ¢ >]/
fg-eh Jfgien (de-cf)h
£ (c+d
(bc-ad) (de-cf) (dg-ch) _Flerdx) el
de-cf
d(e+fx) |d(g+hx) b(de-c¥)
2by-de+cf E1lipticPi - —— L,
de-cf dg-ch (bc-ad) f

VF AJc+dx (de-cf)h
V dercf  fldg-ch)

ArcSin|

] /((bc—ad)zx/?\/eﬂcx \/g+hx)

Result (type 4, 321 leaves):

5s (crdx d(e+fx) d(g+hx)
i (erdx] f(c+dx) h (c+dx)

P-T

e T . h deh-cfh
(bc-ad) fEllipticE|i ArcSinh| +

B
\c+dx dfg-cfh

dg

N . " deh-cfh
(bde-2bcf+adf) EllipticF[i ArcSinh| |+

Jerdx dfg-cfh

-C+

—c+ 48
. .. (bc-ad)h . h  deh-cfh
b (-de+cf) EllipticPi[ ———————, i ArcSinh| s /
b (-dg+ch) Jeidx  dfg-cfh

[(bcad)z(deJrc-F) 7c+dTg Ve+fx V/g+hx
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Problem 72: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
1

J(a+bx) (c+dx)5/2\/e+fx g +hx

dx

Optimal (type 4, 875leaves, 18 steps):
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2d2+/e+fx VJg+hx
3(bc-ad) (de-cf) (dg-ch) (c+dx)*?

+

2bd?+/e+fx Jg+hx 4d? (dfg+deh-2cfh)e+fx Vg+hx
(bc-ad)? (de-cf) (dg-ch)/c+dx 3 (bc-ad) (de-cf)?(dg-ch)?+/c+dx

+

d (e+fx)
de-cf

4d~/f (dfg+deh-2cfh) Vg +hx

EllipticE[ArcSin|

\/?m} (defc-F)h] /
V de-cf  fldg-ch)

d h
[3 (bc-ad) (—de+cw‘:)3/2 (dg—ch)zx/eﬂcx % - 12bd+/h /-fg+eh
g-c
flg+h \/ d(fg-eh
Ve+dx M Ellip‘cicE[Ar‘cSin[\/F e+-Fx},_ (fg-e )}/
feg-eh J fgreh  (de-cf)n
f d
(bc-ad)? (de-cf) (dg-ch) _% Vgahx | -
e-c

2\/?(2dfg+deh3cfh)\/d<e+fx) \/d(g+hx)

de-cf dg-ch

VE Ve+dx (de—cf)h] /
J-dercf  fldg-ch)

(3 (bc-ad) (-de+cf)*? (dg-ch)/e+fx /g+hx ) -

EllipticF [ArcSin [

d(e+f d(g+h b(de-cf
2b2\/de+cf\/ e+ ) J LALL) Ellipticpi}M

)
de-cf dg-ch (bc-ad) f

WW} (de-cf)h
J deicf  fldg-ch)

ArcSin|

] /((bc—ad)g’\/?\/eﬂcx \/g+hX)

Result (type 4, 12191 leaves):
2d?
N
3(bc-ad) (-de+cf) (-dg+ch) (c+dx)2

Verdx Ve+rfx Vg+hx

(2d? (Bbdzeg—sbcdfg+2ad2fg—5bcdeh+2adzeh+7bc2-Fh—4acdfh))/
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1
3 (—bc+ad>2 <—de+cf)2 (—ngrch)2

(3(bc-ad)? (-de+cf)? (-dg+ch)? (c+dx)]

+

2 ((—Bbdzeg+5bcdfg—2ad21°g+5bcdeh—2ad2eh—7bc2fh+4acd-Fh)

d f d h
(C+dx)3/2 ['F+ e ¢ h + 8 ¢ /
c+dx c+dx c+dx c+dx
cf ch
(c+dx) (f—ﬁdx) (c+dx) (h—mdx)
e~ g+ +
d d
bc ad de cf dg ch
(C+dX> -b+ - ) f+ - h + -
c+dx c+dx c+dx c+dx c+dx c+dx
d’eg cdfg cdeh c2fh dfg deh 2cfh
fh+ - - + + + -

!

((bc-ad) (-de+cf)h(-bd*fg>+bd’egh+ad’fgh-3bcdeh’®+2ad*eh?+3bc?

(c+dx)2 (c+dx)2 (c+dx)2 (c+dx)2 c+dx c+dx c+dx

de cf d ch
fh2—3acdfh2))/ d(bg-ah) [f+ - he B ;
c+dx c+dx c+dx c+dx
3bd3e2g |h+ 98 _ ch 8bcd?efg [h+ 98 _ ch
c+d X c+d X c+d x c+d x
+
f4 de £y de cf
c+d X c+d X c+d X c+d X
2ad’efg [h+ 48 _ ch 5bc2df2g |h+ 98 _ <h
c+d X c+d X c+d X c+d x
f4 de  _cf £ de  _cf
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2acd’f2g |h+ 98 _ <N 5pcdlelh [hs 9B
c+d x c+d x c+d X c+d X
f+ _ cf f4 _ _cf
c+dx c+d x c+dx c+d x
2ad*e?h |hs 48 _ ch 12bc2defh |[h+ 98 _
c+d x c+d x c+d x c+d><
f+ _«<f f 4 cf
c+d X c+d x c+d x c+d x
6acd’efh |h+ 28 _ < 7pc3f2p [phy 98
c+d x c+d x c+d x c+d x
2 de cf f 4 de cf
c+d x c+d x c+d X c+d x
4ac’df’h |h+ 98 _ ch 3b% (de-cf)? (dg-ch)? [h+ 98 _ <b
c+d x c+d x c+d X c+d X
o de  _cf d(bg—ah) (b— be ad) s de cf
c+d x c+d x c+d x c+d x c+d x c+d x
-dg+ch
5 -de+cf -dg+ch L . . h
3ibd’efg 1- EllipticE|i ArcSinh|[ ———
f(c+dx) h (c+dx) Jerdx
_ -dg+ch
(-de+cf)h h (-de+cf)h
———————| - EllipticF i ArcSinh| | ] /
f(-dg+ch) crdx f(-dg+ch)

d’eg-cdfg-cdeh+c?fh

(bc-ad) (-de+cf) [-——— J fhe +
(C+dx)2

dfg+deh-2cfh lsibcdfg |1- -de+cf _—dg+ch

c+dx f(c+dx) h (c+dx)
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-dg+ch
h (-de+cf)h

«Qj]?'})F(—dg+cm

EllipticE|i ArcSinh| | - EllipticF|

_ -dg+ch
h (—de+cf)h

VETHQ’]JF(—dg+cM

-dg+ch
h

1 Ar‘cSinh[

/[(bcad) (-de+cf)

d?eg-cdfg-cdeh+c?fh dfg+deh-2cfh
+

+

fh+

(c+dx)2 c+dx
_ -dg+ch
. ~de+cf -dg+ch o . . h
2iad’f’g [1- ———— [1-————— |EllipticE[iArcSinh|———],
f(c+dx) h (c+dx) Jerdx
_—dg+ch

(-de+cf)h h (-de+cf)h
———————| - EllipticF[i ArcSinh]| s /

f(-dg+ch) Jerdx | f(-dg+ch)

d? -cdfg-cdeh+c?fh
ep, deg-cdfg-cdeh+c

(c+dx)2

+

-dg+ch
{(bcad) (-de+cf) —h\/

. -de+cof -dg+ch
-|/5ibcdefh |1-——— 1. ——~° " -
\/ f(c+dx) \/ h (c+dx)

dfg+deh-2cfh

c+dx
7—dg+ch
h (-de+cf)h
EllipticE|i ArcSinh]| B | - EllipticF|
\c+dx f(-dg+ch)
_-dg+ch
h —de+cf)h
i ArcSinh| ] (-de+cf) / (bc-ad) (-de+cf)
AV e+dx 'F(—dg+ch)
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-dg+ch
h

d’eg-cdfg-cdeh+c® fh dfg+deh-2cfh
+ +

fh +
(c+dx)2 c+dx
_ -dg+ch
. -de+cf -dg+ch o , . h
2iad’efh [1-———— [1-————— |EllipticE[iArcSinh|———],
f (c+dx) h (c+dx) Jerdx
_ -dg+ch
(-de+cf)h h (-de+cf)h
———————| - EllipticF i ArcSinh| , /
f(-dg+ch) Vec+dx = f(-dg+ch)

d’eg-cdfg-cdeh+c?fh

(bc-ad) (-de+c¥) _—dgxch J Fha N
h <C+dx>2

dfg+deh-2cfh l7ibezezn 1o -de+cef 1. -dg+ch

c+dx f(c+dx) h (c+dx)

_ -dg+ch
h (-de+cf)h

Jerdx } f(-dg+ch)

EllipticE[i ArcSinh] | - EllipticF|

_-dg+ch
h (—de+cf)h

Verdx I f(-dg+ch)
-dg+ch

-dg+ch
h
h

) ) -de+cf -dg+ch L. ) . )
4iacdf’h [1-———— [1-———— |EllipticE[iArcSinh[————],

i ArcSinh|

/[(bcad) (-de+cf)

d’eg-cdfg-cdeh+c fh dfg+deh-2cfh
+ +

(c+dx)2 c+dx

fh

f (c+dx) h (c+dx) Jerdx
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_ -—dg+ch
(-de+cf)h h (-de+cf)h
——————| - EllipticF[i ArcSinh| ]s //
f(-dg+ch) Verdx ~ f(-dg+ch)

d’eg-cdfg-cdeh+c?fh
fh+
(c+dx)2

+

-dg+ch
{(bcad) (-de+cf) _T\/

dfg+deh-2cfh o o -de+cf -dg+ch
- |3ib%d?eg [1-——— [1- —2>"—"—
f (c+dx) h(c+dx)

c+dx
~ -dg+ch
— i h (-de+cf)h ,
EllipticF [i ArcSinh| s / (bc-ad)
\Ve+dx 'F<—dg+Ch>

d’eg-cdfg-cdeh+c® fh dfg+deh-2cfh
+

(c+dx)? c+dx

fh+

+

-dg+ch
h

siblcdfg |1 —oercf |, —dexch EllipticF|
f(c+dx) h (c+dx)

_ -dg+ch
h -d f) h -
i ArcSinh| | (-de+cH) ] / (bc-ad)? _-dg+ch
Jerdx f(-dg+ch) h

, ) -de+cef -dg+ch Lo
2iabd°fg [1-——— 1-— E111pt1cF[
f(c+dx) h(c+dx)

d?eg-cdfg-cdeh+c?fh dfg+deh-2cfh
+

(c+dx)2 c+dx

fh+
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_-dg+ch
h ~de+cf)h
i ArcSinh| ,( erc) ]/ (bc—ad)2
c+dx f(-dg+ch)

d’eg-cdfg-cdeh+c2fh dfg+deh-2cfh
+

\/ fh+ -
(c+dx>2 c+dx
_ -dg+ch
. -de+cf -dg+ch .. , . h
2ibdfg (1- —m— 1-——— ElllptlcF[1APCSlnh[7},
'F(C+dx) h<c+dx) Je+rdx

(—de+cf)h] / (bc—ad)

f(-dg+ch)

d’eg-cdfg-cdeh+c® fh dfg+deh-2cfh
+

\/‘Fh+ +
(c+dx>2 c+dx
o -de+cf -dg+ch L
5ib’cdeh [1-——— [1-————— EllipticF]|
f (c+dx) h (c+dx)
_—dg+ch
h _de+cf)h
i ArcSinh| ],( ercf) ]/ (bc—ad)2
c+dx F(—dg+ch)

d’eg-cdfg-cdeh+c fh dfg+deh-2cfh
+

(c+dx>2 c+dx

fh+

-de+cf -dg+ch

2iabd’eh [1-———— [1-——"—— EllipticF|
f(c+dx) h(c+dx)
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_-dg+ch
h ~de+cf)h
i ArcSinh| ,( erc) ]/ (bc—ad)2
c+dx f(-dg+ch)

d’eg-cdfg-cdeh+c2fh dfg+deh-2cfh
+

\/ fh+ -
(c+dx>2 c+dx
_ -dg+ch
. -de+cf -dg+ch .. , . h
2ibdeh |[1-——— 1-—— ElllptlcF[1APCSlnh[7},
'F(C+dx) h<c+dx) Je+rdx

(—de+cf)h] / (bc—ad)

f(-dg+ch)

d’eg-cdfg-cdeh+c® fh dfg+deh-2cfh
+

\/‘Fh+ -
(c+dx>2 c+dx

7ivtc2fn |1 —deref o, -derch E1lipticF|
F(c+dx> h(c+dx)
_—dg+ch

h _de+cf)h
i ArcSinh| ],( ercf) ]/ (bc—ad)2

c+dx f(—ngrCh)

d’eg-cdfg-cdeh+c fh dfg+deh-2cfh
+

(c+dx>2 c+dx

fh+

+

-de+cf -dg+ch

4iabcdfh [1-———— [1-———— EllipticF|
f(c+dx) h(c+dx)

| 19
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_-dg+ch
h -d f) h _
i ArcSinh| !, (-de+cH) ]/ (bc—ad)2 _dg+ch
«IC+dX 'F(*dg+ch> h

\/fh d’eg-cdfg-cdeh+c2fh dfg+deh-2cfh
+ + +
(c+dx>2 c+dx
_ -dg+ch
5 | -de+cf -dg+ch e . . h
ibcfh |[1-——— 1—7ElllpthF[lAPCSInh[i},
'F(C+dx) h<c+dx) e +dx
(—de+cf)h]/ (bc—ad) 7—dg+ch
f(-dg+ch) h
\/fh d’eg-cdfg-cdeh+c® fh dfg+deh-2cfh
+ + -
(c+dx>2 c+dx
_ -dg+ch
) -de+cf -dg+ch .. , . h
iadfh |[1-——— 1—7ElllpthF[lAPCSInh[i},
'F<C+dx) h(c+dx> Je+dx
(—de+cf)h]// bc-ad) _-dg+ch
f(-dg+ch) h
\/fh d’eg-cdfg-cdeh+c fh dfg+deh-2cfh 1
+ + +
(c+dx>2 c+dx (bc—ad)3

3b3d2eg || _—de+cf _ -dg+ch ... . (bc-ad]h
gl|jtc [1 1 EllipticPi| ,
flc+dx) h (c+dx| b(-dg+ch)
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_ -dg+ch
h (—de+c-F _dg+ch
i ArcSinh| | fh+
\ec+dx f(-dg+ch)
d’eg cdfg cdeh c2fh dfg deh 2cfh

- - + + +
(c+dx)2 <c+dx)2 (c+dx>2 (C+dx)2 c+dx c+dx c+dx

, ~de+cf ~dg+ch .. .. (bc-ad)h )
iad [1- ——— [1-———— EllipticPi[——————, i ArcSinh]|
f(c+dx) h (c+dx) b(-dg+ch)

_ -dg+ch
h ] (-de+cf)h —dg+ch \/ _d’eg
, _
Ve+dx 'F( dg+ch C+dX
cdfg cdeh c2fh dfg deh 2cfh
- + + + - -
(c+dx)? (c+dx)? (c+dx)? c+dx c+dx c+dx

1 ) -de+cof -dg+ch L.
———5p3cdfg||ic [1- 1- EllipticPi|
(bc-ad)? f(c+dx) h (c+dx)

(bc-ad)h oo (—de+cf)h}/

, 1 ArcSinh|

b (-dg+ch) Jcidx | f(-dg+ch)

SE

dfg deh 2cfh
4 _
c+dx c+dx c+dx

d’eg cdfg cdeh c2fh

- - + +

c+dx2 (c+dx)2 (c+dx)2 (c+dx)2

. -de+cf -dg+ch
-|1ad 1-————— 1-———
\/ -F(c+dx) \/ h(c+dx)




22 | Mathematica 11.3 Integration Test Results for 1.1.1.4 (a+b x)”™m (c+d x)~n (e+f x)~p (g+h x)~q.nb

_ -dg+ch
(bc-ad)h h (-de+cf)h
EllipticPi[ ————————, i ArcSinh]| |, | /
b (-dg+ch) Jcidx | f(-dg+ch)
—dg+ch \/ d’eg cdfg cdeh
fh+ - - +
(c+dx)? (c+dx)?® (c+dx)?
c2fh dfg deh 2cfh 1

+ +
(c+dx)2 c+dx c+dx c+dx

+

(bc—ad)3

) -de+cef -dg+ch . (bc—ad)h
2ab?d’fg||ic [1- 1- EllipticPi[ ——"—,
f (c+dx) h (c+dx) b(-dg+ch)

_7dg+ch
h (-de+cf)h —dg+ch
i ArcSinh| ]s fha+
Ve+dx f(-dg+ch) \/
d’eg cdfg cdeh c2fh dfg deh 2cfh]
- - + + + - -
(c+dx)2 <c+dx)2 (c+dx>2 (c+dx)2 c+dx c+dx c+dx

, -de+cf -dg+ch L (bc—ad)h ' .
iad |[1- ——— 1-—— E111pt1cP1[4, 11Ar‘c51nh[
h (c+dx) b(-dg+ch)

_ -dg+ch
n ] (-de+cf) —dg+ch \/ _d’eg
, _
Ve+dx 'F( dg+Ch c+dx
cdfg cdeh c2fh dfg deh 2cfh
- + + + - +
(c+dx)® (c+dx)* (c+dx)? c+dx c+dx c+dx
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1 ) ) -de+cof -dg+ch L.
—2b*dfg||ic [1-—— 177E111pt1cP1[
(bc-ad) f (c+dx) h (c+dx)

_ -dg+ch
(bc-ad)h h (-de+cf)h
———————, i ArcSinh| ) }/
b(-dg+ch) crdx f(-dg+ch)
dzeg cdfg cdeh 2fh

i

dfg deh 2cfh
" _
c+dx c+dx c+dx

EllipticPi[ B JlAf‘CSlnh[

b (-dg+ch) Jcidx | f(-dg+ch)

IS

c2fh dfg deh 2cfh

+ +
(c+dx)2 c+dx c+dx c+dx

(bc-ad)jh B | (de+cf>h}/

d?2e cdf cdeh
fh+ & & _ +

c+dx (c+dx)2 (c+dx)2

f (c+dx) h (c+dx) b(fdg+ch)’

_ -dg+ch
h decH) _
i ArcSinh| B (-devc dg+ch \/
Ve+dx f(-dg+ch)

3 , ~de+cf -dg+ch .. .. (bc-ad)h
5blcdeh||ic [1-———— [1-—2"—— EllipticPi[————

fh+
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d’eg cdfg cdeh c2fh dfg deh 2cfh

(c+dx)2_ <c+dx)2_ (c+dx)2+ (c+dx)2+C+dX+C+dX c+dx

, -de+cf -dg+ch .. .. (bc-ad)h .
iad [1-——— 1-—— E111pt1cP1[7, 11Ar‘c51nh[
f (c+dx) h (c+dx) b (-dg+ch)

_7dg+ch
h ] (-de+cf)h 7dg+ch \/ _d’eg
2 —
Ve+dx 'F( dg+ch c+dx
cdfg cdeh c2fh dfg deh 2cfh
- + + + - +
(c+dx)2 <c+dx)2 (c+dx>2 c+dx c+dx c+dx

1 2 12 . -de+cof -dg+ch L
—2ab“d“eh||ic [1-——— 1—7E111pt1cP1[
(bc-ad)’ f(c+dx) h (c+dx)

_ -dg+ch

(bc-ad)h ) h (—de+cf)h} /

, 1 ArcSinh [

b (-dg+ch) Jeidx | f(-dg+ch)

dg+ch\/ d?eg cdfg cdeh c2fh
- - + +

(c+dx)? (c+dx)? (c+dx)? (c+dx)?
dfg deh 2cfh 1 -de+cf 1 -dg+ch

+ _ _ o= _
c+dx c+dx c+dx f(c+dx) h (c+dx)
_ -dg+ch

(bc-ad)h h (-de+cf)h
EllipticPi[ ———————, i ArcSinh| , /

b (-dg+ch) Jeidx  f(-dg+ch)
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dg+ch\/ d?eg cdfg cdeh
- - +
c+dx (c+dx)2 (c+dx>2
c2fh dfg deh 2cfh 1
+ + - +
(c+dx)2 c+dx c+dx c+dx (bc—ad)z
_ _ bc-ad)h
2b2deh||ic |1 —dercf [, —derch EllipticPi[%,
f(c+dx) h (c+dx) b (-dg+ch)

fh+

_ -dg+ch
h -d f _
JiAr‘cSinh[ }, < ere dg+ch \/
Ve+dx 'F( dg+ch

d’eg cdfg cdeh c2fh dfg deh 2cfh
- - + + + - -
2 (c+dx)2 c+dx c+dx c+dx

(C+dx)2 <c+dx>2 (c+dx>

, ~de+cf -dg+ch .. .. (bc-ad)h )
iad [1-——— 1-—m—m E111pt1cP1[7, JlAI"CSlnh[
h (c+dx) b(-dg+ch)

_ -dg+ch
h ] (-de+cf)h 7dg+ch \/ n d’eg
> +7’
e+dx f(-dg+ch) (c+dx)?

dfg deh 2cfh
+ _

cdfg cdeh c2fh
c+dx c+dx c+dx

- + +

(c+dx)® (c+dx)* (c+dx)?

1 ) -de+cof -dg+ch L.
—————7b*c?fh||ic [1-——— 1-——— ElllptlcPl[
(bc-ad)’ f(c+dx) h (c+dx)
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_ -dg+ch

(bc-ad)h , h (-de+cf)h} /

, 1 ArcSinh|

b (-dg+ch) Jcidx | f(-dg+ch)

—dg+ch\/ d?eg cdfg cdeh c2fh
fh+ - - + +
(c+dx)? (c+dx)? (c+dx)? (c+dx)?
dfg deh 2cfh . -de+cf -dg+ch
N - ~liad [1-——"— 1. —2"——
c+dx c+dx c+dx f(c+dx) h (c+dx)
_ -dg+ch
(bc-ad)h h (-de+cf)h
EllipticPi[ ————————, i ArcSinh| ) /
b(-dg+ch) Jerdx f(-dg+ch)
—dg+ch\/ d?eg cdfg cdeh
- - +
c+dx (c+dx)2 (c+dx)2
c2fh dfg deh 2cfh 1
+ + - -—
(c+dx)2 c+dx c+dx c+dx (bc—ad)3

sablcdfhllic |1 =de+cf |, -dg+ch ...k . (bc-ad)h
pthPl[ ,
f(c+dx) h(c+dx) b (-dg+ch)

_ -dg+ch
h (—de+c-F 7dg+ch
i ArcSinh| | fh+
Ve+dx 'F( dg+ch
d’eg cdfg cdeh c2fh dfg deh 2cfh
- - + + + -

(c+dx)2 <c+dx)2 (c+dx>2 (c+dx)2 c+dx c+dx c+dx
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, -de+cf -dg+ch .. .. (bc-ad)h .
iad [1-————— [1-——=—— EllipticPi[ ———————, i ArcSinh]|
h (c+dx) b(-dg+ch)

_ -dg+ch
h 1, (-de+cf)h —dg+ch \/ _d’eg
Jerdx ( dg+ch c+dx
cdfg cdeh c2fh dfg deh 2cfh
- + + + - -

(c+dx)2 <c+dx)2 (c+dx>2 c+dx c+dx c+dx

1 ) ) -de+cof -dg+ch L.
—————s5b2cfh||ic [1-———— [1-—>"—— EllipticPi|
<bc—ad)2 \/ f(c+dx) h (c+dx)

_ -dg+ch
(bc-ad)h h (-de+cf)h
_, JiAr'cSinh[ N } /
b(-dg+ch) Jerdx f(-dg+ch)
d’eg cdfg cdeh c2fh

- - + +

c+dx2 (c+dx)2 (c+dx)2 (c+dx)2
) -de+cf -dg+ch
- |1ad 1-—F—— 1-———
\/ f(c+dx) \/ h(c+dx)
bc-ad)h

_ -—dg+ch
( h (-de+cf)h
ipticPi , 1 ArcSin
EllipticPi| i ArcSinh | ] )}/

b (-dg+ch) Jeidx  f(-dg+ch

IS

STE

dfg deh 2cfh
i _
c+dx c+dx c+dx

d? df deh
fh. egic g _cdeh

c+dx (c+dx)2 (c+dx>2
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c2fh dfg deh 2cfh

+ +
(c+dx)2 c+dx c+dx c+dx

I
(bc—ad)2

+

, -de+cf -dg+ch o (bcfad)h
abdfh||ic [1- —— [1-———— EllipticPi| ——,
f(c+dx) h (c+dx) b(-dg+ch)

_ -dg+ch
h (7de+cf _dg+ch
i ArcSinh| | fh+
Ve+dx 'F( dg+ch
d’eg cdfg cdeh c2fh dfg deh 2cfh

- - + + +
(c+dx)2 <c+dx)2 (c+dx>2 (c+dx)2 c+dx c+dx c+dx

, -de+cf -dg+ch . . .. (bc-ad)h )
iad [1-—— 1-—m—m E111pt1cP1[7, JlAI"CSlnh[
h (c+dx) b (-dg+ch)

_ -dg+ch
h (-de+cf)h 7dg+ch d’eg
15 Fhe ———=—
Verdx f(-dg+ch) (c+dx)?
cdfg cdeh c2fh dfg deh 2cfh 1
- + + + - +
(c+dx)® (c+dx)® (c+dx)? c+dx c+dx c+dx bc-ad
-de+cf -d ch bc-ad)h
bfh||ic : —cgrch EllipticPi[u,
(c+dx) (c+dx) b(-dg+ch)
fh+

_7dg+ch
h -d f _
JiAr‘cSinh[ } < erc dg+ch \/
Ve+dx 'F( dg+ch
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d’eg cdfg cdeh c2fh dfg deh 2cfh

(c+dx)2 <c+dx)2 i (c+dx>2 ’ (c+dx)2 +C+dX+C+dX c+dx

, ~de+cf -dg+ch .. .. (bc-ad)h )
iad [1-——— 1-—— E111pt1cP1[7, nAr'cSmh[
f (c+dx) h (c+dx) b (-dg+ch)
_ -dg+ch
h ] (—de+cf)h} / . deg
Nerdx ,F(—dg+ch) (c+dx)?
cdfg cdeh c2fh dfg deh chhJ /
- + + + -
(c+dx)2 <c+dx)2 (c+dx>2 c+dx c+dx c+dx

3bd’eg 5bcdfg 2ad*’fg 5Sbcdeh 2ad’eh 7bc?fh
- +

bfh+ . .
(c+dx)2 (c+dx)2 (c+dx)2 (c+dx)2 (c+dx)2 (c+dx>2

4acdfh 2bdfg 2bdeh 5bcfh adfh
+ + - +
<c+dx)2 c+dx c+dx c+dx c+dx
J (c+dx) (ffﬁ) J (c+dx) (hfﬁ)
e+ g+
d d

Problem 73: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
(a+bx) Verdx V1-Fx VJ1+fx

Optimal (type 4, 74 leaves, 3 steps):

2 | Hled0 E1ipticpi| 28, Arcsin[Ex ], 24 ]
d+cf b+af 2 d+cf

(b+af) Vc+dx

Result (type 4, 203 leaves):
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24 (c+dx) d(-1+fx) d+dfx
i(c+
'F(c+dx) cf+dfx

d+c f
.. , . f -d+cf .. _..bcf-adf
EllipticF [1 Ar‘cSmh[ R ] - E111pt1cP1[7,
VJe+dx d+cf bd+bcef
d+cf
f -d+cf d+cf
i ArcSinh| ]s * ] / (-bc+ad) I PR
Verdx  d+cf f

Problem 74: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
(a+bx) Vc+dx V1-f2x?

Optimal (type 4, 74 leaves, 4 steps):

2 | Hledd Elipticpi[ 22, Ar‘cSin[Ql’fx 1, 2]
dvcf baf NFY d+cf

. (b+af)Vc+dx

Result (type 4, 203 leaves):

24 (c+dx) d(-1+fx) d+dfx
1 +
'F(c+dx) cf+dfx

d+c f
ot . f -d+cf ... ./bcf-adf
E111pt1cF[1 Ar‘cSmh[ R ] - E111pt1cP1[7,
crdx d+cf bd+bcef

f “d+cf d+cf
i ArcSinh , / -b d T 1o f2x?
i ArcSinh| C+dx} d+cf] (-bc+ad) . N X
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Problem 75: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
1

J(a+bx) Ve+dx V1-fx V1+f2x

dx

Optimal (type 4, 86 leaves, 3 steps):

2 | Bledx) EllipticPi[ 22, Ar‘cﬁn[E}, 241
d+c f +af V2 d+cf

i (b+af2)\/c+dx

Result (type 4, 218 leaves):
d(-1+F d(1+F
2i (c+dx) (-1+Fx] (1+ )
f2 (c+dx) f2 (c+dx)

e 4

f2 —d+cf? (bc-ad) f?
EllipticF[i ArcSinh| , | - EllipticPi| ————,
Jordx | decf b (d+cf)

- C —

d

o —drcf? d
i ArcSinh , / -bc+ad —c-— AJ1-F*x?
' [m} d+cf2] (-be~ >\{ £

Problem 76: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
(a+bx)crdx A

Optimal (type 4, 86 leaves, 4 steps):

2 +
Z@ElllptlcPl[ ) Ar‘csln[l;}“ dfcdfz]

i (b+af2)\/c+dx

Result (type 4, 218 leaves):
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5 d d(71+'F2X> d(1+'F2X)
i (erdx] 2 (c+dx) f2 (c+dx)

-C - —

f2 ~d+cf? (bcfad)1cz
EllipticF[i ArcSinh| , | - EllipticPi| ",
AVe+dx d+C'F2 b(d+C'F2>

d
,C,F2

~d+cf? d
i ArcSinh , / -bc+ad —c-— AJ1-f*x?
’ ’ [\/c+dx | d+cf2] [=bcrad) f2 *

Problem 97: Result more than twice size of optimal antiderivative.
j V2-3Xx

V-5+2x V1+4x (7+5x)3/2

dx

Optimal (type 4, 60leaves, 5steps):

2 iax
£ _ . . . 22 Q
2 |5 V5-2x EllipticE|[ArcSin| — |5 39]
23V -5+2x
Result (type 4, 237 leaves):
\/—5+2X \/1+4X
7+5X -5-18x + 8 X2
~1922 - (-5-18x+8x%) +621/682 | — " (-14+11x+15x2)
-2+3x (2—3x>2

31 | -5+2 39 ~5-18x+8x’
EllipticE[Ar‘cSin[\/—\/ 2, ] 234682 J#

39 -2+3x 62 (273x)2

31 -5+2X 39
(—14+11x+15x2) EllipticF[Ar‘cSin[\/— \/ ], —] /

39 -2+3x 62

7+5x
-2+3X

27807+2-3x /7+5x

(—5—18x+8x2)J
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Problem 99: Result more than twice size of optimal antiderivative.

dx

J\/a+bx Ve+dx
Ve+fx VJg+hx

Optimal (type 4, 721 leaves, 7 steps):
Va+bx v/c+rdx \/g+hx
h+e+fx

(de-cf) (g+hx]

3

fg-eh \c+d
vJdg-ch /fg-eh \/a+bx\/ EllipticE[Ar‘cSin[\/ 8 Verdx

(dg-ch) (e+fx) vJdg-ch e+ fx

(be-af) (dg-ch)
(bc-ad) (fg-eh)

+

]

/

(de-cf) (bfg+beh—2a-Fh)\/

_Fh\/_<de—cf) (a+bx) Jarrx
(bc-ad) (e+fx)

(be-af) (c+dx)
(de-cf) (a+bx)

Vg+hx

EllipticF [ArcSin

vVfg-eh vJa+bx ’ (de-cf) (bg-ah)

[ngfah Ve + fx (bc-ad) (fg-eh) ]/

(be-af) (g+hx)
(fg-eh) (a+bx)

+

f2h+/bg-ah \/fg-eh v/c+dx J

o oo [0 [

(e+fx) EllipticPi]

-F(bigiah),Ar‘cSin[\/be_af \/g+hx E (dei(:ﬂ <bg7ah)} /
(be-af)h Vbg-ah Ve+fx (be-af) (dg-ch)

(fZ\/be—aF h?+/a+bx \/c+dx)

Result (type 4, 6667 leaves):

fg eh
h + -
e+fx e+fx

Vve+fx

-2

e fx) [b- oo | J (e fx) (d- =]
\/a+ . C+ £ /

2h\/g+ (e+fx) ih—::x) ]]+
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h
be af de cf (e+fx) (h-°
1/ |awe e b 20 _de | . h- o)
e+fx e+fx e+fx e+fx £
be af de cf fg eh
+ d- + h+y — -
e+fx e+fx e+fx e+fx

f(bg-ah) (fg-eh) \/([b_eﬂcx e+fx

J @+fx)(bj§;)‘Jc+<e+fx)<d:f;)

a+
f f
b 1 d 1
_ 4 _ . . .
be-af e+fx de-cf e+fx
d (7 .
; " d_, -fg+eh e+fx

Cbeaf -fg+eh T decf —fgreh

de-cf) (-h- -f&, eh be_af) (_d ]
EllipticF[Ar‘cSin[ > ( e+fx e+'Fx) ], ( e-a ) ( g+cC > ] /
'F(*dg+Ch) (de—c-F) (*bg+ah>

-de+cf fg-eh
(d+7 (thi

__—h 1
-fgreh  e+fx [ -be+af
- b+ —
ddf_ﬁ \/ e+fx e+fx e+ fx
e-c -fg+e
h 1
de | - <be7af) (—fg+eh> (7b:af+e;x) (_ d n 1 _—fg+eh+e+fx
-bfg+afh de-cf e+fx d  __h
de-cf -fg+eh
(de-cf) (,h,_fg_Jr&)
(‘bfg+afh) EllipticE[Ar‘cSin[ erfx  erfx ],
‘F(fdg+ch)

b EllipticF|

(be-af) (-dg+ch) 1
(de-cf) (-bg+ah) //((be—af)(-fg+eh)>_be_af

f h
ArcSin| de-cf) (_h_e_+fg;+ei?) I (be-af) (7dg+ch)] /
F(fdg+ch) (defcf) (fbg+ah)
_—4d4 1 o . . ; ; X
—feet et [y, 2ERE) (g, coerel)y TEEL)
reet t TFeen e+ fx e+fx e+ fx

- +
de-cf -fg+eh



Mathematica 11.3 Integration Test Results for 1.1.1.4 (a+b x)~"m (c+d x)~n (e+f x)”p (g+h x)~q.nb | 35

b 1 h 1
cf (be_af) <_-Fg+eh> (_be—af * e+fx) ( d 1 771:g+eh " e+fx
- - +
-bfg+afh de-cf e+fx d __h
de-cf -fg+eh

f h
(de—c-F) <_h_e4+fg?+ei?)

s

(-bfg+afh) EllipticE [ArcSin|
f(-dg+ch)

(be-af) (-dg+ch)
(de-cf) (-bg+ah)

] /((be—af) (-fg+eh)) - b EllipticF |

be-af

‘ (de-cf) (*h*ff?Jr:%) (be-af) (-dg+ch)
Ar‘csln[\l f(-dg+ch) E (de-cf) (-bg+ah) /

d 1
*LJrL e+fx e+fXx e+fXx
de-cf -fg+eh
h
be af de cf (e+fx> h - f
1/ 2dh\/e+fx b- + _ + g+ ( efx)
e+fx e+fx e+fx e+fx f
(bc-ad) f(-de+cHf)
de cf fg eh

h + -
e+fx e+fx

- +
e+fx e+fx

\/ be af

((b— +
e+fx e+fx

\/a+<e+fx) (b—e?ﬁ) \/c+<e+fx) (df:ﬁ)

f f
b 1 d 1
- + - + h 1
h be-af e+f x de-cf e+f x (7 +
_—b b _—d . _ b -fg+eh e+fx
be-af -fg+eh de-cf -fg+eh

de-cf) (-h- 5 ond

] (be-af) (—dg+ch)] /

EllipticF [ArcSin| s
f(-dg+ch) (de-cf) (-bg+ah)

h 1
7—-Fg+eh+e+~Fx -be+af fg-eh
_— [b+7 (h+7
d h e+ fx e+fx

de-cf -fg+eh

-de+cof
o, eet

e+fx



36 | Mathematica 11.3 Integration Test Results for 1.1.1.4 (a+b x)”™m (c+d x)~n (e+f x)~p (g+h x)~q.nb

h 1

co | fpe2f) (Faren) i b T T ez
-bfg+afh de-cf e+fx —d __h
de-cf -fg+eh
de-cf) ([-h- &, eh
(-bfg+afh) EllipticE[ArcSin| | ) (ohe e s
f(-dg+ch)

b EllipticF|
be-af

(be—af) (—dg+ch)
(de-cf) (fbg+ah)] /((be—af) (-fg+eh)) -

f h
ArcSin| (de-cf) (_h_:f;Jr.:?) l (be-af) (—dg+ch)] /
f(-dg+ch) " (de-cf) (-bg+ah)
— d + 1 b 'F d _F 'F h
7ddf+ﬁ e+fx e+fx e+fx
e-c -fg+e
h 1
eh |- <be_a-F) (—fg+eh> <_betjaf+ej‘x) [— ; + 1 _—fg+eh+e+fx
-bfg+afh de-cf e+fx _d__ __h
de-cf -fg+eh
(de-cf) (_h__fg_Jr eh)
(-bfg+afh) EllipticE [ArcSin| erfx | erfx 1,
f(-dg+ch)

b EllipticF|

be-af) (-d h
(be-af) (-dg+c >] /((be—af) (-fg+eh)) -
(de-cf) (-bg+ah) be-af
de-cf) (-h- f& , eh be_af) (_d h
ArcSin| ( )( e+fx e*‘cx) B (be-af) (-dg+c >] /
f(-dg+ch) (de-cf) (-bg+ah)
d 1
T decf | esfx -be+af -de+cf fg-eh
T (b+7 (*’7 (h+7 _
-4, \/ e+ fx e+fx e+ fx
de-cf -fg+eh
e+fx) [h- =
1/ 2dh?erfx [b- 2o, 2F ( de | Cf) g+<* ) (h- 22
e+fx e+fx e+fx e+fx f




Mathematica 11.3 Integration Test Results for 1.1.1.4 (a+b x)~"m (c+d x)~n (e+f x)”p (g+h x)~q.nb | 37

(bdfg+bdeh-bcfh-adfh)
be af

(rribers

\/ e+fx e+fx

(e +fx) (b-e%

fg eh

e+fx e+fx

de cf

n
e+fx e+fx

h +

) . (e+fx) (d—ﬁ)

a +
f f
__b 1 __d 2
dfg be-af e+fx de-cf e+fx (7 h . 1 )
_—b _h -4 __h -fg+eh e+fx
be-af -fg+eh de-cf -fg+eh
de-cf) (-h- TE . be-af) (-dg+ch
EllipticF [ArcSin| ( e+fx e*”) ] ( ) (-dg >] /
f(-dg+ch) (de-cf) (-bg+ah)
~rpen o b f d f f h
-fg+eh e+f x {b+_ e+a (d+_ e+cC (h+ g-e -
d ___h e+fx e+ fx e+fx
de-cf -fg+eh
__b 1 __d 2
2deh be-af e+fx de-cf e+fx (_ h . 1
o h d _, h -fg+eh e+fx

N be-af -fg+eh N de-cf -fg+eh

de-cf) [-h- f&, e be_af) (—d h
EllipticF [ArcSin | o) ] be-2af) [de-c >] /
f(-dg+ch) (de-cf) (-bg+ah)
_h 1
_fgieh  esfx -be+af -de+cf fg-eh
_— [b+7 ( R — (h+7 +
-4 ___h e+fx e+fx e+fx
de-cf -fg+eh
b 1 __d 1
cfh be-af e+f x de-cf e+f x [7 h + 1
_—b b _—4d b -fg+eh e+fx
be-af -fg+eh de-cf -fg+eh
de-cf) (-h- f&, eh be_af) (-d h
E1lipticF [ArcSin| | | [k ) ] be-a%) [de+ch) /
f(-dg+ch) (de-cf) (-bg+ah)
__h 1
_fgieh  esfx [b+fbe+af (d+—de+cf (h+-Fg—eh ldes
e+fx e+fx e+fx

d _ h
de-cf -fg+eh




38 | Mathematica 11.3 Integration Test Results for 1.1.1.4 (a+b x)”™m (c+d x)~n (e+f x)~p (g+h x)~q.nb

b 1 h 1
g (be_a-F> <_-Fg+eh> (_ be-af - e+‘Fx> ( d 1 ) ~fereh e+fx
- - +
-bfg+afh de-cf e+fx d __h
de-cf -fg+eh

]

(de-cf) (,h,_fg_Jr&)
(-bfg+afh) EllipticE [ArcSin| erfx_ efx
f (—dg+ch)

(be-af) (-dg+ch)
(de-cf) (-bg+ah)

] /((be—af) (-fg+eh)) -

b EllipticF|

be-af

/

ArcSin| (de-cf) (—h—e—ff;Jrﬁ) l (be-af) (-dg+ch)
Flrdgeen) " lde-cf) [-bgan

d 1
T decf | erfx (b+fbe+af (d+7de+cf (h+-Fgfeh g
_ddiﬂ {h - e+fx e+fx e+fx
e-c -fgte
h
g B (be_a{:) <_-Fg+eh> (_b:af+e+]1;x) (7 d N 1 7—fg+eh+e+::fx
-bfg+afh de-cf e+fx -d b
de-cf -fg+eh
de-cf) [-h- f&, e
(-bfg+afh) EllipticE[ArcSin| ( )( e-fx e*”) ]
f(-dg+ch)
be-af) (-d h
[be-af] (-dg+c >] /((be—af) (-fg+eh)) - b EllipticF|
(de-cf) (-bg+ah) be-af
I h
Aresin| (de-cH) (—h—:{%+effx) ] (be-af) (-dg+ch) /
f(-dg+ch) " (de-cf) (-bg+ah)
4, 1
de-cf & erfx (b+_be+af (d+_de+Cf [h+-Fg—eh L lde
,ddif+ﬁ e+fx e+ fx e+ fx
e-c -fgre
h
(beiaf> <7-Fg+eh> (7betjaf+e+];Fx) (7 d + 1 7—*Fg+eh+e+1’-x
de-cf e+fx —d h

-bfg+afh

de-cf -fg+eh



Mathematica 11.3 Integration Test Results for 1.1.1.4 (a+b x)~"m (c+d x)~n (e+f x)”p (g+h x)~q.nb | 39

de-cf) (-h-e—ff;+ef:x)

s

(-bfg+afh) EllipticE [ArcSin|
f(-dg+ch)

(be-af) (7d8+ch>] /((be_af) (-fg+eh)) - b EllipticF|

(de-cf) (-bg+ah)

be-af

o | 198 ) fbead) (dgecn)
Arcsm[\l f(-dg+ch) K (de-cf) (7bg+ah)] /

d 1
- + ~be+af ~de+cf fg-eh
de-cf e+fx (b+ e-+a (d+i (h+ g-¢ -|cef
_—d . _h e+fx e+fx e+fx
de-cf -fg+eh
b 1 h 1
i (be-af) (-fgreh) (- o+ 2] ( d 1 " Trgien | et
- - +
-bfg+afh de-cf e+fx -d b
de-cf -fg+eh

e+f x e+f x

(de-cf) (—h——fg—+ eh )

]

(-bfg+afh) EllipticE [ArcSin|
f(-dg+ch)

b EllipticF|

(be-af) (*dg”h)] /((be_af) (-fg+eh)) -

(de-cf) (-bg+ah) be-af

| Ldeefl [ JE S | (bea] (cdgicn)
Arcsm[\l f(-dg+ch) ]’(de-cf)(-bg+ah) /

d 1
7de—cf+e+fx -be+af -de+cf -Fg,eh
i [l becaryfp secry seen |
-4, _h e+fx e+fx e+fx
de-cf -fg+eh
d h b, 1
d(—-Fg+eh) (_ . ) be-af e+fx
de-cf -fg+eh _ﬁJrﬁ
e-a -fg+e
d 1 h 1
- Ca ) - Feen | =) Ellipticpi[,M

(_ d +L)2 (de—cf)h,
de-cf -fg+eh



40 | Mathematica 11.3 Integration Test Results for 1.1.1.4 (a+b x)”™m (c+d x)~n (e+f x)~p (g+h x)~q.nb

(de-cf) (’h’£+ el ) ] (be-af) (-dg+ch) /

Ar‘cSin[ e+f x e+f x ,
f(-dg+ch) (de-cf) (-bg+ah)
\/ -be+af -de+cef fg-eh
(b+ (d+ (h+
e+fx e+fx e+fx
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bc-ad -dg+ch -de+cf -dg+ch
dg ch
(-de+cf) (—h—c+dx+c+dx) (bc-ad) (-fg+eh)

EllipticF [ArcSin|

]5

/

d(-fg+eh) (-de+cf) (-bg+ah)
h 1
T _dge . -bc+ad de-cf dg-ch
dg+ch  c+dx [b+ * ('F+ {h-%— g i
f ___h c+dx c+dx c+dx
-de+cf -dg+ch
b 2 S S |
deh bc-ad c+d x -de+cf c+d x (_ h + 1
_ b h _—f h -dg+ch c+dx
bc-ad -dg+ch -de+cf -dg+ch
-d f) [-h- 98, ch
E1lipticF [ArcSin| [aerc | c+dX+c+dX)} be-ad) (~Fereh /
d(-fg+eh) (-de+cf) (-bg+ah)
___h L 1
~dgich  c+dx [b+—bc+ad (_F+de—c-F) (h+dg—ch B
f __h c+dx c+dx c+dx
-de+cf -dg+ch
b 1 o f 1
2cfh bc-ad c+d X -de+cf c+d x (_ h . 1 )
_ b h _—f h -dg+ch c+dx
bc-ad -dg+ch -de+cf -dg+ch
_ _h_ -dg , ch
E1lipticF [ArcSin| Faere®) [0 o) ] besad) [Feen /
El
d(-fg+eh) (-de+cf) (-bg+ah)
___h 1
_dgich  cedx [b+—bc+ad (f+de—cf {h+dg—ch B
f ___h c+dx c+dx c+dx
-de+cf -dg+ch
f h -
£ (7dg+Ch) (7 + ] bc-ad c+d x
-de+cf -dg+ch b b
bc-ad -dg+ch
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(7df £ t )(7dh ho t ) -dfg+deh
_ -ae+c Cc+d X -ag+c Cc+d X ElllpticPl[— s
(7 £ _h )2 (-de+cf)h
-de+cf -dg+ch

| (deved) [ho g ) (bc-ad) (Fgeeh)
NTSH%J d(-fg+eh) ]’<—de+cf)(—bg+ah) //

de-cf dg-ch
('F+ (h+7)
c+dx

c+dx

Problem 108: Result more than twice size of optimal antiderivative.
J Va+bx
\/

c+dx Ve+fx /g+hx

dx

Optimal (type 4, 228 leaves, 2 steps):

o (bg-ah) (c+dx) (bg-ah) (e+fx)
? dg+Ch(a+bX>J(dg—cM (a+bx) J(fg—eh)(a+bﬂ

b(dgfch),ANSin[Vbc—ad Vg+hx (beaF)(dgch)]//

EllipticPi|- ,
(bc-ad)h V_dgich Va:bx (bc-ad) (fg-eh)

(Vbcfad h+/c+dx Ve+fx)

Result (type 4, 584 leaves):
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2\/ (dg-ch) (a+bx) (c+dx)3/2

(bg-ah) (c+dx)

. (dg-ch) (e+fx) . iotick [Arcsin (-de+cf) (g+hx]
d\/(fgeh) (c+dx) (+hx) ELLiptick [Arcs [\/ (fg-eh) (c+dx) I

(bc-ad) (-fg+eh) }]/

(de-cf) (bg-ah)

(dg-ch) <C+dx)\/(de+cf) (g+hx)

(fg-eh) (c+dx)

[ch (dg-ch) (e+fx) (g+hx) EllipticF[Apcsin{J (-de+cf) (g+hx )

(fg-eh) (c+dx) (fg-eh) (c+dx)

+

(de-cf) (bg-ah) (fg-eh) (c+dx)

e “g*‘*%]/ R

1 b (fFg-eh) _(defcf) (dg-ch) (e+fx) (g+hx]
(de-cf)h (fg-eh)? (c+dx)?

EllipticPi[m AF‘CSin[ (—de+C'F) (g+hx)
(de-cf)h’ (fg-eh) (c+dx)

(bc-ad) (-fg+eh)
(de-cf) (bg-ah)

}N/(d\/awx e+ fx \/g+hx)

Problem 110: Result more than twice size of optimal antiderivative.

1
J dx
(a+bx)*?+/c+dx Ve+fx \/g+hx

Optimal (type 4, 429 leaves, 5 steps):
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(be-af) (g+hx)
(fg-eh) (a+bx)

2b+/fg-eh Vc+dx \/—

EllipticE[ArcSin[vbg*ah Ve fx ], - (bc-ad) (fg-eh) }]/

fg-eh vJa+bx (de-cf) (bg-ah)

(be-af) (c+dx)
(de-cf) (a+bx)

\Vg+hx

[(bcad) (be-af) \/W\/

be-af d _
2d ( e e ) (c+ X> \Vg+hx EllipticF[Ar‘cSin[\/bg ah Ve fx },
(de-cf) (a+bx) Vfg-eh Va+bx

(de-cf) (bg-ah)

) (bc-ad) (-Fgeh)}J/

(be-af) (g+hx)
(fg-eh) (a+bx)

(bc-ad) vVbg-ah ~/fg-eh Jc+dx \/—

Result (type 4, 3247 leaves):
2b2+/c+dx Ve+fx Vg+hx 1

(bc-ad) (be-af) (bg-ah)+/a+bx d(bc-ad) (be-af) (bg-ah)

(c+dx) (b—ﬁ)
\/a+ d /

de cf dg ch

c+dx c+dx

+

21-||b (c+dx)3/2 (f+

c+dx c+dx

c+dx c+dx d d

1/ (Fg-eh) [bf bc  ad )\/e+(c+dx) (-F—ﬁ) \/g+(c+dx) (h—cidhx)

N
c+dx c+dx

(c+dx) b—ci’i
[

(bc-ad)f(bg-ah) (dg+ch>mJ((b bc ad )

de cf
f+ -

c+dx c+dx

dg ch
hy —— -
c+dx c+dx
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h 1
de |- (bc—ad) <_dg+Ch> (_b:ad*—cjix) (7 f . 1 7—dg+ch+c+dx
-bdg+adh -de+cf c+dx —f __h
-de+cf -dg+ch
(de-cf) (h+ﬂ—ﬂ)
(-bdg+adh) EllipticE [ArcSin| cidx  cudx B
d(-fg+eh)

b EllipticF|

oe=2d) (FBeen) 1|/ agcn)) -

(-de+cf) (-bg+ah) bc-ad
de-cf) (h+ 98 _ <h bc-ad) (-f h
Ar‘cSin[ ( ) ( c+d X c+dx) ]’ ( c-a ) < g+¢€ > ] /
d(-fg+eh) (-de+cf) (-bg+ah)
- b d d f d h
-de+cf  c+dx \/(bJr_ c+a [_F+ €-c (th g-c¢C _lef
_—f L, _h c+dx c+dx c+dx
-de+cf -dg+ch
h 1
_(bc_ad) (_dg+Ch> (_bcl?ad-'—cjjx) (_ f . 1 _*dg+Ch+C+dX
-bdg+adh -de+cf c+dx —f __h
-de+cf -dg+ch
(de-cf) (h+ﬁfﬂ)
(-bdg+adh) EllipticE[ArcSin| crdx cwdx? ],
d(-fg+eh)

b EllipticF|

(bc-ad) (-fg+eh) ] /((bcfad) (-dg+ch)) -

devcf] [bg-an) -
d h
ArcSin| (de-c) (h+c_+f;7cij) 1, (bc-ad) (-fg+eh) ] /
d(*fg+eh) (7de+C'F) (fbg+ah)
f 1
T dercf | crdx -bc+ad de-cf dg-ch
(b+ ( + (h+7 +
e h\/ c+dx c+dx c+dx
-de+cf —dg+ch

b 1 f 1
- + - * h 1
bc-ad c+d X -de+cf c+d X (

f
b h f h

- bc-ad

- +
-dg+ch c+dx

- +
-dg+ch -de+cf -dg+ch
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~de+cH) (-h_—d&+ ch )
c+d X c+d X

EllipticF [ArcSin [J

] (bc-ad) (—fg+eh)>] /

d(-fg+eh) ’ (-de+cf) (-bg+ah

de-cf dg-ch
(++ )[h—
c+dx

c+dx

h 1
- +
-dg+ch c+d X -bc+ad
_ b+ ——
f ___h c+dx

-de+cf -dg+ch
\/e+(c+dx) (F—ﬁ) \/g+<c+dx) (h—ﬁ)

1/ (fg-eh) [bf be ,_2d

c+dx c+dx

d

(bc-ad) (be-af) (-de+cf)h~c+dx

bc ad de cf
o el
c+dx c+dx

f+ -
Jm (c+dx) (bfﬁ)

dg ch
h + -
c+dx c+dx

c+dx c+dx
d

h 1
- +
-dg+ch c+d X
_f __h

dg\l (bc_ad> <_dg+Ch> (_bC?ad+c+]c-jx) (_ f 1

+
-bdg+adh -de+cf c+dx

-de+cf -dg+ch

de-cf) (h+c—f§;_ﬁ)

]

(-bdg+adh) EllipticE [ArcSin|
d(-fg+eh)

(bc-ad) (-fg+eh)
(-de+cf) (-bg+ah)

] /((bc-ad) (-dg+ch)) - bEllipticF|

bc-ad

o de-cf) [ne o) (beoad) (Fgeeh)
Arcsm{\l d(-fg+eh) I (-de+cf) (-bg+ah) /

f 1
- + -bc+ad de-cf dg-ch
~descf  cedx (b+ + ('F+ (h+g7 ~lch
_f L _h c+dx c+dx c+dx
-de+cf -dg+ch
b . h 1
(bc—ad) (—dg+ch) (7b67ad+c+dx) ( £ 1 T Tdgich | cidx
- - +
-bdg+adh -de+cf c+dx —f __h
-de+cf -dg+ch
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(de-cf) (h+—d?~_&)

c+d X c+d X

d(—-Fg+eh) L

(-bdg+adh) EllipticE [ArcSin [J

((bdce+ach)> ((fbgg++eah2) / ((bc-ad) (-dg+ch)) -

b EllipticF|
bc-ad

d h
Ar‘cSin[\l (de-cf) (h+j?_ci?) ] (bc-ad) (-fg+eh)

d(-fg+eh) " (-de+cf) (-bg+ah) /
R S
Cdercf | crdx (b+fbc+ad [{erefmc (thdgfch .
_—f L, _h c+dx c+dx c+dx
-de+cf -dg+ch
b 2 U S |
bc-ad c+d x -de+cf c+d X ( h 1
h - +
_ b, _h _f h -dg+ch c+dx
bc-ad -dg+ch -de+cf -dg+ch

(-de+cf) (—h——dg—+ ch )

c+d X c+d X

d(-fg+eh) )

h 1
- +
—dg+ch  c+dx -bc+ad
- e - - -~ b+7
f h c+dx

~descf -d g+ch

EllipticF [ArcSin [J

(bc-ad) (-fg+eh) ] /

(-de+cf) (-bg+ah)

de-cf dg-ch
('F+ )[h-%—i
c+dx c+dx

Problem 111: Result more than twice size of optimal antiderivative.
1

J(a+bx)3/2 (c+dx) o

3/2\/e+fx \/g+hx

Optimal (type 4, 786 leaves, ? steps):
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2d3Va+bx Ve+fx v/g+hx 2b3Vc+dx Ve+fx /g+hx
- - +
(bc—ad)2 (de-cf) (dg-ch)Vc+dx (bc—ad)2 (be-af) (bg-ah)Va+bx
(Zb (a?d*fh-abd® (fg+eh) +b? (2d°eg+c®fh-cd (fg+eh)))/c+dx Ve+fx \/g+hx)/

((bc-ad)? (be-af) (de-cf) (bg-ah) (dg-ch) Va+bx |-

2vfg-eh (a®d*fh-abd® (fg+eh) +b® (2d’eg+c®fh-cd (fg+eh)))Vc+dx

(be-af) (g+hx) . . (Vbg-ah Ve+fx (bc-ad) (fg-eh)
J g en) (arbx) ElllptlcE[Ar‘cSln[\/-ngeh e ]s - (de-cf) (bg-ah) ]]/

(be-af) (c+dx)

\Vg+hx
(de-cf) (a+bx]

[(bcad)z(beaﬂ (decf)m(dgch)\/

4de (be-af) (c+dx| o
(de-cf) (a+bx)

EllipticF[Ar‘cSin[ > -
Vfg-eh Va+bx (de—c-F) (bg—ah)

Vbg-ah vJe+fx (bc-ad) (fg-eh) ]/

('Fg*eh) <a+bx>

Result (type 4, 7061 leaves):
va+bx Ve+dx Verfx \/g+hx

1 2b3cd’eg
[(c%) (a+bx) . (bc-ad)? (be-af) (-de+cf) (bg-ah) (-dg+ch) .

2ab?dleg

(bc—ad)2 (be-af) (-de+cf) (bg-ah) (-dg+ch) '
2b3c?dfg

(bc-ad)? (be-af) (-de+cf) (bg-ah) (-dg+ch) '
2a’bd3fg

(bc—ad)2 (be-af) (-de+cf) (bg-ah) (-dg+ch) :
2b3c?deh

(bc—ad)2 (be-af) (-de+cf) (bg-ah) (-dg+ch) '
2a’bd3eh

(bc-ad)? (be-af) (-de+cf) (bg-ah) (-dg+ch) i
2b3c3fh

(bc-ad)? (be-af) (-de+cf) (bg-ah) (-dg+ch)
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2a*d*fh 1
(bc-ad)? (be-af) (-de<cf) (bg-ah) (-dg+ch) b
Al 4b3d3eg .
(bc-ad)? (be-af) (-de+cf) (bg-ah) (-dg+ch)
2b3cd?*fg
(bc-ad)? (be-af) (-de+cf) (bg-ah) (-dg+ch) ’
2ab’d®fg
(bc—ad)2 (be-af) (-de+cf) (bg-ah) (-dg+ch) i
2b3cd?eh
<bc—ad)2 (be-af) (-de+cf) (bg-ah) (-dg+ch) '
2ab?d®eh
(bc-ad)? (be-af) (-de+cf) (bg-ah) (-dg+ch) _
2b3c2dfh
(bc—ad)2 (be-af) (-de+cf) (bg-ah) (-dg+ch) )
2a’bd*fh
(bc-ad)? (be-af) (-de+cf) (bg-ah) (—dg+ch)J]+

1 2b3cd?eg

(a—%‘) (c+dx) (bc-ad)? (be-af) (-de+cf) (bg-ah) (-dg+ch)

2ab?d3eg
(bc—ad)2<be—af) (-de+cf) (bg-ah) (-dg+ch)
2b3c?dfg
(bc-ad)? (be-af) (-de+cf) (bg-ah) (-dg+ch)
2a’bd3fg
(bc—ad)2 (be-af) (-de+cf) (bg-ah) (-dg+ch)
2b3c2deh
(bc—ad)2<be—af) (-de+cf) (bg-ah) (-dg+ch)
2a’bd3eh

+

+

+

+

(bc-ad)? (be-af) (-de+cf) (bg-ah) (-dg+ch)
2b3c3fh

(bc—ad)2 (be-af) (-de+cf) (bg-ah) (-dg+ch)
2a3d3fh 1

(bc—ad)2<be—af) (-de+cf) (bg-ah) (-dg+ch) d
ol 4b3deg N
(bc—ad)z(be—a-F) (-de+cf) (bg-ah) (-dg+ch)
2b3cd’fg
(bc—ad)2 (be-af) (-de+cf) (bg-ah) (-dg+ch)

+
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2ab’d3®fg
(bc-ad)? (be-af) (-de+cf) (bg-ah) (-dg+ch)
2b3cd?eh
<bc—ad)2 (be-af) (-de+cf) (bg-ah) (-dg+ch)
2ab?d3eh
(bc—adf(be—af)(—de+cf)(bg—ah)(—dg+ch)7
2b3c2dfh
(bc—adf(be—af)(—de+cf)(bg—ah)(—dg+ch)_

el

WC—adV(be—aﬂ (-de+cf) (bg-ah) (-dg+ch)

+

+

1
H(—bc+adf<—be+af)(—de+cf)(—bg+ah)(—dg+cw
2

[(-zbzdzeg+bzcdfg+abd2fg+b2cdeh+abd2eh-b2cth-azdth)

be af
f+ -

a+bx a+bx

(a+b X)S/Z [d + bc _ad

a+bx a+bx

\/C+ (a+bx) (d- 24| \/e+ (a+bx) (f- 25 \/g+ (a+bx) (h- =)

b b b

bg ah
h + -
a+bx a+bx

/

1

J“ (asbx) (a9 J“ (asbx) [£27 ) Jy (b [ 2"
b b b

(bC—ad>(be—af)(bg—ah)(a+bxfﬂ

bc ad be af bg ah
((d+ - ) f+ - h + -
a+bx a+bx a+bx a+bx a+bx a+bx
d 1
2b2d2eg <bc_ad) (bg_ah> (_fbc+ad+a+bx)
bdg-bch
P __h 1
1 -bg+ +
(_ . ) o2t 22X |1l (bdg-bch) EllipticE|
-be+af a+bx —f __h

-be+af -bg+ah
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' (be-af) (h+f§j*ﬁ) (-bc+ad) (-fg+eh)
NTS”%J b(-fg+eh) ]’(—be+af)(—dg+ch) //

((bc-ad) (bg-ah))|- — 1 g EllipticF[ArcSin|
-bc+ad

J (be-af) (h+a—ﬁ’5;—ﬁ) | (-bc+ad) (—-Fg+eh)] /

b(-fg+eh) " (-be+af) (-dg+ch)

_ f g
-be+af a+bx bc-ad
d+
f + h a+bx

be-af bg-ah
(++ ) [h+7
" _besaf -bg+ah

a+bx

a+bx

d 1
v cdtg (bc—ad) (bg_ah> (_,bc+ad+a+bx) [_ f + 1
bdg-bch -be+af a+bx
_ h + =t
% ~||(bdg-bch) EllipticE|

betaf -bg+ah

' (be-af) (h+fbg;*ﬁ) (-bc+ad) (-fg+eh)
NTSH%J b(-fg+eh) ]’(—be+af)(—dg+ch) //

((bc-ad) (bg-ah))|- — 1 EllipticF[ArcSin|
-bc+ad

J (be-af) (h+a—ff;—ﬁ) | (-bc+ad) (—-Fg+eh)] /

b (-fg+eh) " (-be+af) (-dg+ch)

_ f g
-be+af a+bx bc-ad
d+
f + h a+bx

be-af bg-ah
(-F+ ) (mi
" _besaf -bg+ah

a+bx

a+bx

d 1
abdzfg (bc—ad) (bg_ah> (_—bc+ad+a+bx) [ f 1
bdg-bch

- +
-be+af a+bx
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h 1
- +
-bg+ah a+b x
f _ h
-be+af -bg+ah

~||(bdg-bch) EllipticE|

' (be-af) (h+a_|jbg;*ﬁ) (-bc+ad) (-fg+eh)
APCSln[\l b(-fg+eh) J: (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- #d EllipticF [ArcSin|
-bc+ad

b (-fg+eh) " (-be+af) (-dg+ch)

J (be-af) (h+a_5bg;—$) | (-bc+ad) (f-Fngeh)] /

_f
-be+af a+bx bc-ad
d+
f h a+bx

be-af bg-ah

(‘F+ ) [h+7
- +

-be+af -bg+ah

a+bx

a+bx

d 1
g | fbcoad) (peoan) (-t R A
bdg-bch -be+af a+bx
— h + 1
% ~|| (bdg-bch) EllipticE|

-be+af -bg+ah

' (be-af) (h+a_|jbg;—ﬁ) (-bc+ad) (-fg+eh)
Ar‘cSm[\l b(-fg+eh) E (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- #d EllipticF [ArcSin|
-bc+ad

J (be-af) (h+a_fbg;—ﬁ) | (-bc+ad) (—-Fg+eh)] /

b(-fg+eh) " (-be+af) (-dg+ch)

_f 1
-be+af a+bx bc-ad
d+
f h a+bx

be-af bg-ah

(‘F+ ) [h+7
- +

-be+af -bg+ah

a+bx
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d 1
ogray | fbeoad) (peoan) (-t R A
bdg-bch -be+af a+bx
— h + 1
% ~||(bdg-bch) EllipticE]

-be+af B -bg+ah

| (be-af) (e B 2]y ad) (fgieh)
NTSHWJ b(-fg+eh) ]’(7be+af)(—dg+ch) //

((bc-ad) (bg-ah)) ————LL———dEllipticF[ArcSin[
-bc+ad

J (be-af) [hr i v |, [becrad) (Fgren) /

b(-fg+eh) (-be+af) (-dg+ch)
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B £ 4 1
-be+af a+b x bc-ad
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f + h a+bx

be-af bg-ah
(F+ ) [mi
B -be+af -bg+ah

a+bx

d 1
. @c—ad)@g—ah>«Mmd+amx)(_ f L1t
bdg-bch -be+af a+bx
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w - || (bdg-bch) EllipticE]

“beraf -bg+ah
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1
—————dE1llipticF[ArcSin|
-bc+ad

J

b(-fg+eh)

15

(-be+af) (-dg+ch)

f 1
- + bc-ad be-af bg-ah
-be+af a+b x (d+ C ('F+ [h+ g
_—f h a+bx a+bx a+bx
-be+af -bg+ah
__ d 1 __f 2
bdz'Fg -bc+ad a+b x -be+af a+b x (7 h + 1
__d h .t b -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah
(-be+af) (-h- 2B, 2h _bc+ad) (-fg+eh
EllipticF [ArcSin| ( abx a+bX) B ( ) [-fe )
b(-fg+eh) (-be+af) (-dg+ch)
h 1
" bgs . bc-ad be-af bg-ah
bgrah a+bx [d+ ['F+ [h+ g +
f ___h a+bx a+bx a+bx
-be+af -bg+ah
__ d 1 o f 2
bdz eh -bc+ad a+b x -be+af a+b x (_ h + 1
_—d h _f —h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah




62 | Mathematica 11.3 Integration Test Results for 1.1.1.4 (a+b x)”™m (c+d x)~n (e+f x)~p (g+h x)~q.nb

(-beraf) (-h- i)

EllipticF [ArcSin|

} (—bc+ad) <—'Fg+eh>] /

b(-fg+eh) " (-be+af) (-dg+ch)
- ean * o b d b f b h
__bgrah  atbx (d+ c-a [h e-a (h+ g-a
t __+h a+bx a+bx a+bx
-be+af -bg+ah
__d gt o f g
bcdfh -bc+ad a+b x -be+af a+b x (7 h N 1
_—da _h -t b -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah

(-be+af) (7hfa—’+’;Lx+ﬁ) }

EllipticF [Ar‘cSin [

(-bc+ad) <—fg+eh)] /

b (-fg+eh) " (-be+af) (-dg+ch)
Shrosr i b d b f b h
bas . c-a e-a -a
_cberah  atbx (d+— ['F+ [h+ g -
£t h a+bx a+bx a+bx
-be+af -bg+ah
SR H | o f L1
adth -bc+ad a+b x -be+af a+b x (_ h + 1
__d h R ; —h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah

~be+af) (-h_—b&+ ah )
a+b x a+b x

EllipticF [ArcSin|

} (—bc+ad) <—'Fg+eh>] /

b(-fg+eh) " (-be+af) (-dg+ch)
__h 1
“bgrah  asbx (d+bc—ad [F+be—af (h+bg—ah
£ __h a+bx a+bx a+bx
-be+af -bg+ah

Problem 112: Result unnecessarily involves higher level functions.

J( x* (e+Fx)" ix

a+bx) (c+dx)

Optimal (type 5, 319leaves, 8steps):
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e? (e+fx>1*” (bc+ad>e<e+fx)1+” (b2c?+abcd+a?d?) (e+fx)1+” 2e(e+-Fx)2+n
+ + - -
bdf* (1+n) b?d? f2 (1+n) b*d®f (1+n) bdf® (2+n)
(bc+ad) (e+'Fx)2+” <e+fx>3+" at (e+-Fx)1+”Hyper‘geometr‘icZFl[l,1+n, 2+n, %iﬁl]
b2d2 £ (2:n)  bdf (3:n) b* (bc-ad) (be-af) (1+n)
c* (e + fx)"" Hypergeometric2F1[1, 1+n, 2+n, de:i—’:’;)—]
d®> (bc-ad) (de-cf) (1+n)
Result (type 6, 262 leaves):
Eex5 (e+-Fx)” (abAppellFl[S, -n, 1, 6, —B, fbfx] /
5 e a
fx b x
[(bcfad) (a+bx) |6aeAppellF1[5, -n, 1,6, -—, - — | +afnx
e a
fx b x f x b x
AppellF1[6,1-n, 1,7, -—, - — | -bexAppellF1[6, -n, 2,7, - —, - —] | | +
e a e a
fx d x
(chppellFl[S, -n, 1,6, - —, - —| /[(—bc+ad) (c+dx)
e c
fx d x fx d x
(6ceAppellF1[5, -n, 1,6, -—, -— | +cfnxAppellF1[6, 1-n, 1,7, - —, - — | -
e c e fo
fx d x
dexAppellF1[6, -n, 2,7, -—, —f] ))
e c

Problem 113: Result unnecessarily involves higher level functions.

J( x3 (e+fx)" ix

a+bx) (c+dx)

Optimal (type 5, 216 leaves, 6 steps):

e(e+fx)1+” (bc+ad) (e+-Fx)1*" (e+fx)2*”

Tbdf (14n)  b2d2f (1en)  bdf(2:n)
a® (e + fx)*" Hypergeometric2F1[1, 1+n, 2 +n, ble«fx) |
be-af _
b? (bc-ad) (be-af) (1+n)
c3 (e+'Fx)1+" Hyper‘geometr‘icZFl[l, 1+n, 2+n, Me*—fxl]
de-cf

d? (bc-ad) (de-cf) (1+n)

Result (type 6, 262 leaves):
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Eex4 (e+Fx)" (abAppellF1[4,—n, 1, 5,—2,—3]/
4 e a
f x b x
((bc—ad) (a+bx) 5aeAppellFl[4, -n, 1,5, -—, -— | +afnx
e a
f x b x f x b x
AppellF1[5,1-n,1, 6, -—, - — | -~bexAppellF1[5, -n, 2, 6, - —, 7—}) +
e a e a
f x d x
(chppe11F1[4, -n, 1,5, -—, -—| /[(—bc+ad) (c+dx)
e C
f x dx f x dx
[5ceAppe11F1[4, -n, 1,5, -—, -— | +cfnxAppellF1[5, 1-n, 1,6, - —, - — | -
e C e C
f x d x
dexAppellF1[5, -n, 2, 6, - —, - — | )J
e C

Problem 120: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J<a+bx>m <c+dX) <e+'FX)

g+hx

dx

Optimal (type 5, 134 leaves, 2 steps):
~(((a+bx)*" (adfh+b(dfg-deh-cfh) (2+m) ~bdFh (1+m)x)) /(b2h? (14m) (2+m)) )+

h(a+bx)] /

((dg—ch) (fg-eh) (a+bx)1”“ Hypergeometric2F1[1, 1+m, 2 +m, -

bg-ah
(h* (bg-ah) (1+m))

Result (type 6, 317 leaves):

1 n ) b x h x
= (a+bx) [9a (de+cf)gx AppellF1(2, -m, 1, 3, - —, _7})/
6 a g
b x h x
((g+hx) (BagAppellFl[Z, -m, 1,3, -—, -— | +bgmx
a g
b x h x b x h x
AppellF1[3,1-m, 1,4, -—, - —| ~ahxAppellF1[3, -m, 2,4, - —, - — | || +
a g a g
3 b x h x
(8adfgx AppellF1([3, -m, 1,4, - —, - —] / [(g+hx)
a g
b x h x b x h x
[4agAppe11F1[3, -m, 1,4, -—, -——] +bgmxAppellFi[4,1-m, 1,5, - —, - —] -
a g
b x h x
ahxAppellFi[4, -m, 2,5, - —, - —] ) +
a g
h (a<bx) \ M . bg-ah
6ce (b (gmx)) Hypergeometric2F1[-m, -m, 1 -m, ng+bhx]
hm

Problem 121: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

dx

j(a+bx)’" (c+dx)

(e+fx) (g+hx)

Optimal (type 5, 140leaves, 3 steps):

(de-cf) (a+bx)""Hypergeometric2F1[1, 1+m, 2 +m, —ﬂ—Lb:t:i ]

(be-af) (fg-eh) (1+m)

bg-ah

(
(dg-ch) (a+bx)"Hypergeometric2F1[1, 1+m, 2 +m, - M(2:2X]
(bg-ah) (fg-eh) (1+m)

Result (type 6, 390 leaves):

1
—<a+bx)m
2
) b x fx
3adx? | |efAppellF1[2, -m, 1,3, - —, - —| /[(fg—eh) (e+fx) [3aeAppellF1[2, -m,
a e
b x fx b x fx
1,3, -—, -— ] +bemxAppellF1(3,1-m, 1,4, - —, - — | -afx
a e a e
b x f x b x h x
AppellF1[3, -m, 2,4, - —, - — ||| + [ghAppellFl[z, -my 1,3, -, - — | /
a e a g
b x h x
((7fg+eh) (g+hx) [3agAppellF1[2, -m, 1,3, -—, -— | +bgmx
a g
b x h x b x h x
AppellF1[3,1-m, 1,4, -—, - —| ~ahxAppellF1[3, -m, 2,4, - —, - —| ) +
a g a g
1 fla+bx)|™ ) be-af
2c Hyper‘geometr‘1c2F1[—m, -m,1-my, —— | -
fgm-ehm b (e+fx) be+bfx
h(a+bx) )™ bg-ah
2c | —— Hyper‘geometr‘icZFl[—m,—m,l—m, 7]
b (g+hx) bg+bhx

Problem 123: Result more than twice size of optimal antiderivative.

J( x" (e+fx)" ix

a+bx) (c+dx)

Optimal (type 6, 140 leaves, 6 steps):

bxt (e« x)" (1+ 7*) " AppellF1[1em, -n, 1, 2+m, - X, - 0X]

a(bc-ad) (1+m)

dx" (e« £x)" (1+ 7%) " AppellF1[1em, -n, 1, 2+m, - X, - 4]

c(bc-ad) (1+m)

Result (type 6, 309 leaves):
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1

e <2+m> xLm (e+~Fx)"
1+m

(_

f x b x
abAppellF1[1+m, -n, 1, 2+m, - —, - — |

2

>, - /[(—bc+ad) (a+bx)

f x b x
ae (2+m) AppellF1[1+m, -n, 1, 2+m, - —, - —| +X

afnAppellF1[2+m, 1-

e a
f x b x f x b x
n,1,3+m, -—, -—| -beAppellF1[2+m, -n, 2, 3+m, - —, - —| )]—
e a e a
f x d x
(chppe11F1[1+m,—n, 1,2+m, - —, - —| /{(bc—ad) (c+dx)
e c

f x d x
ce (2+m) AppellF1[1+m, -n, 1, 2+m, - —, - —| +X
e c

cfnAppellF1[2+m, 1-n,

]

fx

dx f x d x
1,3+m, -—, - — | ~deAppellF1[2+m, -n, 2, 3+m, - —, - — |
e c e c

Problem 124: Result unnecessarily involves higher level functions.
J(a+bx)m(c+dx)”<e+fx> (g+hx) dx
Optimal (type 5, 266 leaves, 3 steps):
~[[(a+bx)*™ (c+dx)*" (bcfh (24m) +adfh (24n) -
bd (fg+eh) (3+m+n)-bdfh (2+m+n) x))/(b2d2 (2+m+n) (3+m+n))) +
((azdth(1+n) (2+n) +abd (1+n) (2cfh (1+m)-d(fg+eh) (3+m+n)) +

b> (c*fh (1+m) (2+m) -cd (fg+eh) (1+m) (3+m+n)+d’eg (2+m+n) (3+m+n)))

b d -n d b
(a+bx)1+m (c+dx)" M Hypergeometric2F1[1+m, -n, 2 +m, —M} /
bc-ad bc-ad
(b3d2 <1+m) (2+m+n) (3+m+n>)

Result (type 6, 335leaves):

1 b x dx
= (a+bx)" (c+dx)" (9ac(fg+eh)x2Appe11F1[2,—m,—n, 3,—*,—*]/
3 a C
b x d x b x dx
(2 (3acAppellF1[2, -m, -n, 3, -—, -—| +bcmxAppellF1[3, 1-m, -n, 4, - —, - — | +
a c a c
b x d x
adnxAppellF1[3, -m, 1-n, 4,——,——}) +
a c
3 b x dx
(4acfhx AppellF1[3, -m, -n, 4, - —, - —] /
c
b x dx b x dx
(4acAppe11F1[3,—m,—n, 4, -—, -—| +bcmxAppellF1[4, 1-m, -n, 5, - —, - — | +
a c a c
b x d x 1
adnxAppellF1[4, -my1-n,5, -—, —f} +
a c d(1+n)
d(a+bx) -m b<c+dx>
3eg|———"| (c+dx) Hypergeometric2F1[-m, 1+n, 2+n, ————
-bc+ad

bc-ad



Mathematica 11.3 Integration Test Results for 1.1.1.4 (a+b x)~"m (c+d x)~n (e+f x)”p (g+h x)~q.nb | 67

Problem 125: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+bx)m (c+dx)1’m (e+fx) (g+hx)dx

Optimal (type 5, 245 leaves, 3 steps):

12 bl (a+bx>1+m <c+dx)2”" (4bd (fg+eh)-adfh(3-m)-bcfh (2+m)+3bdfhx) +
.
12 b* d? (1+m)

b2 (12d2eg—4cd (fg+eh) (1+m) +c2fh (2+3m+m2))) (a+bx)1”"

b (c+dx) )" d(a+bx)
————| Hypergeometric2F1[-1+m, 1+m, 2+m, - ———"
bc-ad

(bc-ad) (a®d*fh (6-5m+m*) -2abd (2-m) (2d (fg+eh)-cfh (1+m))+

(C+dx>’m

bc-ad

Result (type 6, 1043 leaves):

b x d x
[Bacdegxz(a+bx)m(c+dx>’mAppellF1[2, —m,m,3,_—,_—}/
a c
b x dx
[6acAppe11F1[2, —m,m, 3, -, - — |+
a c
b x dx b x d x
2mx(bcAppellF1[3,1—m, m, 4, -—, -—| -adAppellF1[3, -m, 1+m, 4, - —, - —| )+
a c a c
2 2 m -m b x dx
3ac?fgx? (a+bx)" (c+dx) "AppellF1[2, -m, m, 3, - —, - —|
a c
b x dx
(GacAppellFl[Z, —mym, 3, -, -]+
a c
b x dx b x dx
2mx(bcAppe11F1[3, 1-m,m, 4, -—, -—| -adAppellF1[3, -m, 1+m, 4, - —, - —] )+
a c a c
2 2 m -m b x dx
3ac’lehx (a+bx) (c+dx) AppellFl[z,—m,m,3,_—,_7]/
a c
b x d x
(GacAppellFl[z, -m,m, 3, - —, - — ]+
a c
b x d x b x d x
2mx(bcAppe11F1[3, 1-mym, 4, -—, - ]—adAppellF1[3, -m, 1+m, 4,7—,7—] )+
a c a c
3 m -m b x d x
(4acdfgx (a+bx) (c+dx) AppellF1[3,fm,m,4,f—,f—]/
a c
b x dx b x dx
{12acAppellF1[3, -m, m, 4, - —, 77] +3bcmxAppellF1[4, i1-m,m,5, -—, 77] _
a c a c
b x d x
3admxAppellF1[4, -m, 1+m, 5,7—,7—] +
a c
b x d x
(4acdehx3<a+bx)m(c+dx)’"‘Appe11F1[3,,me,4,,71,7]/
a c
b x d x b x d x
(12acAppellF1[3, -m, m, 4, - —, —f] +3bcmxAppe11F1[4, 1-m,m, 5, - —, 7—] -
a c a c
b x d x
3admxAppellF1[4, -m, 1+m, 5, - —, - — | | +
a c
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)

(4ac21‘:hx3 (a+bx)" (c+dx) "AppellF1[3, -m, m, 4, _bx d_x]

/

a c
b x dx b x dx
[12acAppellF1[3, -m, m, 4, - —, ——] +3bcmxAppellF1[4, 1-m,m,5, -—, ——] -
a c a c
b x d x
3admxAppellF1[4, -m, 1+m, 5,——,——] +
a c
(5acdfhx4<a+bx)m(c+dx)’mAppellF1[4,—m,m, 5,—b—x,—d—x]/
a c
b x dx b x dx
[20acAppe11F1[4, -m,m, 5, -—, -——] +4bcmxAppellF1[5, 1-m, m, 6, - —, - — | -
a c a c
b x d x
4admxAppellF1[5, -m, 1+m, 6, - —, - — | | -
a c
-m
b d m b d
ceg(c+dX>1m(abc+(c+ X))y, olexdx)
d(-1+m) d d (a-tc)d
d
b (c+dx)

Hypergeometric2F1 [1 -m, -m, 2-m, -

K

Problem 126: Result unnecessarily involves higher level functions.
j(aerx)m (c+dx) ™ (e+fx) (g+hx)dx

Optimal (type 5, 235leaves, 3 steps):

6b2d2(a+bx)1*m (c+dx)*™ (3bd (fg+eh) -adfh(2-m)-bcfh (2+m) +2bdFfhx) +
1 2 42 2
———(a“d“fh (2-3m+m°) —abd (1-m) (3d (f eh) -2cfh (1+m
s ey PN 2-3mew) -abd (1-0) (34 (Fgren) 2eth (10a])
b> (6d°eg-3cd (fg+eh) (1+m)+c*fh (2+3m+m*))) (a+bx)1”“
(codx] b (c+dx) )" d(a+bx)
bc-ad bc-ad

Hypergeometric2F1[m, 1+m, 2+m, -

}

Result (type 6, 324 leaves):
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b x d x
(a+bx)m(c+dx)m[(Bac(fg+eh)x2Appe11F1[2,—m,m, 3,——,——]/
a c
b x d x
(GacAppellFl[Z, —mym, 3, - ——, - — | +2mx
a c
b x dx b x dx
(bcAppellFl[B, 1-m,m, 4, -—, -—| -adAppellF1[3, -m, 1+m, 4, - —, - —] ) +
a c a c
3 b x dx
(4acfhx AppellF1[3, -m, m, 4, - —, - —] /
a c
b x dx b x dx
(12acAppe11F1[3, -m, m, 4, -—, -——] +3bcmxAppellF1[4, 1-m, m, 5, - —, - — | -
a c a c
b x d x 1
3admxAppellF1[4, -m, 1+m, 5,—*,—*] -
a c d(-1+m)
d(a+bx> - b(c+dx>
eg|———"| (c+dx) Hypergeometric2F1[1-m, -m, 2-m, ———"|
-bc+ad bc-ad

Problem 127: Result unnecessarily involves higher level functions.

J(a+bx)m (c+dx) ™™ (e+Fx) (g+hx) dx

Optimal (type 5, 261 leaves, 3 steps):
((a+bx)1+m (crdx)™
(2bd2eg+bc2fh(2+m)_cd(zb(fg+eh)+afhm)+d(bc_ad)fhmx))/

(2bd* (bc-ad)m) - | (b>c®fh (1+m) (2+m) -2bcd (L+m) (bfg+beh+afhm) +

m

b (c+dx)

d*> (2b’eg+2ab (fg+eh)m-a’>fh (1-m)m)) (a+bx)1+m (c+dx)'m[ " p
c-a

d (a+bx>

Hypergeometric2F1 [m, 1+m, 2+m, -
bc-ad

] /(szd2 (bc-ad)m(1+m))

Result (type 6, 346 leaves):
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2 aibx)" (cedx)™

b x d x
[9ac (fg+eh) x* AppellF1[2, -m, 1+m, 3, - — 7—})/

bl
6 a C
b x d x
((c+dx) (3acAppe11F1[2, -m, 1+m, 3, -—, - —] +bcmxAppellF1[3, 1-m, 1+m,
a c
b x dx b x dx
4, -—, -—] -ad (1+m) xAppellF1[3, -m, 2+m, 4, - —, - — | )+
a c a c
3 b x d x
(8acfhx AppellF1(3, -m, 1+m, 4, - —, - —| /
a c
b x d x
((c+dx) 4acAppellF1[3, -m, 1+m, 4, -—, - — | +bcmxAppellF1[4, 1-m, 1+m,
a c
b x d x b x d x
5,—*,—7]—ad(1+m)xAppellF1[4, -m, 2+m, 5, - ——, - —| )—
a c a c

6eg (d(a+bx)

-bcrad bc-ad

)7"' Hypergeometric2F1[-m, -m, 1 -m, 2lcxdx]
dm

Problem 128: Result unnecessarily involves higher level functions.
J(aerx)m (c+dx)’2’m (e+fx) (g+hx) dx
Optimal (type 5, 203 leaves, 3 steps):
((a+bx)1”" (c+dx) ™™

(bd*eg+bc*fh (2+m) -cd(b(fg+eh)+afh(l+m))+d(bc-ad)fh (1+m) x))/
(bd®> (bc-ad) (1+m)) -

(adfhm+b (d (fg+eh)-cfh(2+m))) (a+bx)"

bd3m
d(a+bx) )™ ) b (c+dx)
————"| (c+dx) "Hypergeometric2F1[-m, -m, 1-m, ———
bc-ad bc-ad
Result (type 6, 303 leaves):
l(a+bx)'"(c+dx)’2""
6
6 b d
eg (a+bx) crdx) - [Qac (fg+eh) x> AppellF1[2, -m, 2+m, 3, —b—X, _d_x] /
(bc-ad) (1+m) a c
b x d x
(—BacAppellFl[Z, -m, 2+m, 3, - —, ——} —bcmxAppellFl[B, 1-m, 2+m,
a C
b x dx b x dx
4, -—, -—] +ad (2+m) xAppellF1[3, -m, 3+m, 4, - —, - — | | -
a c a c
3 b x dx
(Sacfhx AppellF1[3, -m, 2+m, 4, - —, - — | /
a C
b x dx
(74acAppe11F1[3, -m, 2+m, 4, - ——, - —] ~bcmxAppellF1[4, 1-m, 2+m,
a C
b x dx b x dx
5,-—,-—]+ad (2+m) xAppellF1[4, -m, 3+m, 5, - —, - —]
a c a c
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Problem 129: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+bx)m (c+dx)’3’m (e+fx) (g+hx) dx

Optimal (type 5, 246 leaves, 3 steps):
—(((a+bx)1*m (c+dx>’2’"' (a*bcfhm-a*dfh (1+m) -b>ceg (2+m) +
ab®(c(fg+eh)+deg(1+m))-b(a*dfh (3+2m) +b*(deg+c (fg+eh) (1+m)) -
ab(2cfh(1+m)+d(fg+eh) (2+m)))x))/(b2 (bc—ad)2(1+m) (2+m)))+

(fh(a+bx)3*’"(c+dx)m(wm ] /

d b
Hypergeometric2F1[3 +m, 3 +m, 4 +m, 7M
bc-ad bc-ad

((bc—ad)3 (3+m))

Result (type 6, 633 leaves):
1

L forbox) (coax) > 31 :E:j; "l dx)
[bzcz (1em) X :E:::i; Cabex© 3133 " emed (2em) %) -
Gl G e R i Freve R e
lc (bc-ad)? (1em) [2+m)] + [ :<j::3 " cedx)
[bzcz (1em) X %b :fiﬂii " emed (2em) %) -
oo o (S con o T T

(c (bc-ad)? (1+m) (2+m)) - (4acfhx3AppellF1[3, “m, 3+m, 4, 7b—X, —d—X}

a c
b x d x
(—4acAppe11F1[3, -m,3em, 4, - —, - —] -

/

b x d x
bcmxAppe11F1[4, 1-my3+m,5, -—, ——] +

a c
b x d x 1
ad (3+m) xAppellF1[4, -m, 4+m, 5, - —, - — || -
a c d(2+m)
d<a+bx) -m b(c+dx>
3eg|———"| (c+dx)Hypergeometric2F1[-2-m, -m, -1-m, ———*
-bc+ad

bc-ad
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Problem 132: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+bx)3 (c+dx)’4’m (e+Ffx)" (g+hx) dx
Optimal (type 5, 815leaves, 10 steps):

((bc—ad)2 (adf+b (cf(2+m)-de (3+m)))
(cfh(4+m) -d (fg+eh (3+m))) (c+dx)>™" (e+-Fx)1”")/<d4-F2 (de-cf) (3+m)) -

; 2b(bc—ad) (cfh(4+m) -d (fg+eh(3+m))) (a+bx) (c+dx)'3'm (e+-Fx)1*"'+
d> f

h(a+bx)3<c+dx)'3'm (e+fx)1+m_
df

((bc—ad)2(3ad-Fh—b(cfh(4+m)—d(Fg+ehm))) (crdx) M (e+-Fx)1*m)/

(d*f (de-cf) (2+m)) +

((bc—ad) (cfh(4+m) -d(fg+eh(3+m))) (2a*d*f*+2abdf (cf (1+m)-de (3+m))+
b> (c*f* (2+3m+m?) -2cdef (3+4m+m?) +d*e® (6+5m+m?)))
(crdx) > (e fx)™) /(d* 2 (de-cf)? (2+m) (3+m)) -

((bc-ad) (adf-b(2de(2+m) -cf(3+2m))) (3adfh-b(cfh(4+m) -d(fg+ehm)))
(codx) ™™ (e fx)*") /(d*F (de-cf)? (14m) (24m)) -

((bc—ad) (cfh(4+m)-d (fg+eh (3+m))) (2a*d*f>+2abdf (cf (1+m)-de (3+m)) +

b? (czfz (2+3m+m2) —2cdef(3+4m+m2) +d?e? (6+5m+m2))) (c+dx)’1’m <e+-Fx)1”“>/

(d4'F (de—c-F)3 (1+m) (2+m) <3+m)) - b> (3adfh-b (cfh (4+m) -d (fg+ehm)))

d>fm

) d(e+fx) )™ f (c+dx)

(c+dx) ™ (e+fx)" |————-| Hypergeometric2F1[-m, -m, 1-m, - ———*

de-cf de-cf
Result (type 6, 10997 leaves):
[Babzg(c+dx)3m<e+fx)’"

dx) " dx) \m
[—2d3e3x3(e<CJr ) +cd®e*x* [f(6+5m+m’) x+e |[6+5m+m’ -6 elerax) (c+dx) ]]+
c (e+fx) ¢ (e+fx)
e(c+dx)

c? (Zezfmx+efzm (1+m) x% + £3 (2+3m+m2) x3-2¢e3 (1+

)
1%

c(e+fx)

e(c+dx)\"
2c?dex -3-m+3 —]

efm (3+m) X + f2 (3+4m+m2) x2 + @2

c (e+fx)
(C (7de+cf)3 (1+m) (2+m) <3+m>) + [Bazbh <C+dx)737m <e+'FX>m

e (c+dx) )" e (c+dx)

¢ (e+fx)

[—2d3e3x3( +cd?e?x? -F(6+5m+m2)x+e 6+5m+m? -6

1A

c (e+fx)
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)
1%

e(c+dx)

72e2fmx+efzm(1+m) x% + £3 <2+3m+m2)x372e3 -1+

c (e+fx)

e(c+dx)\"
3-m+3 | — L

2c’dex |efm (3+m) X + f2 (3+4m+m2) X2 + @2

c (e+fx)

dx f x

[4 (5ceAppe11F1[4, 4+m, -m, 5, -—, - —| +cfmxAppellF1[5, 4+m, 1-m,
c e

(c(-de+cf)® (1+m) (2+m) (34m)) -

(5b3cegx4 (c+dx)™™ (e+fx)"AppellF1[4, 4+m, -m, 5, —d—X, _-F_x]
c e

d x 'Fx d x f x
6, -~ -—] -de (4+m) xAppellF1[5, 5+m, -m, 6, - —, - —|
C e C e

+

(15ab2cehx4 (c+dx)’4’rn (e+fx)"AppellF1[4, 4 +m, -m, 5, _d_x) _f_x}
c e

dx f x

(4 (5ceAppellF1[4, 4+m, -m, 5, -——, -— | +cfmxAppellF1[5, 4+m, 1-m,
c e

d x 'Fx d x f x
6, -—, -—] -de (4+m) xAppellF1[5, 5+m, -m, 6, - —, - — |

C e C e
d x fx

d x f x
(6b3cehx5 (c+dx) ™™ (e+fx)"AppellF1[5, 4+m, -m, 6, - —, - — |
c
(5 (6ceAppellF1[5, 4+m, -m, 6, -——, - — | +cfmxAppellF1[6, 4+m, 1-m,
c e

+

e

d x Fx d x -F
7, -—, -—] -de (4+m) xAppellF1[6, 5+m, -m, 7, - —, - —
C e C e
c+dx)4m dx)-4m e+fx
* (1+*) (e+fx>71+m grrxy) (

C

1+m

(Bazbegx2 (c+dx)’3’m(

C e

m
+efim (1+m) X2

m]

c (e+fx)

_2dPe¥xP+c3|-2e?fmx clerrx (e +Fx] clerrx e+ Fx] m+

c(4+m) (3e+fx)

e (c+dx)

m
+2e3 [—1+

m

+F2 (3+4m+m2) X2

m]

c (e+fx)

e (c+dx)
c (e+fx) c (e+fx)

f3 (2+3m+m2) x3

e (c+dx) e (c+dx)

.F m
2c’dex M —e?2 -3+

efm (3+m) x(

e(c+dx) e(c+dx)

c(e+1:x) m c(e+Fx) Cedtery? 'F(6+5m+m2)x c(e+-Fx) m

)

e2f2 (-5+m) mx

+

e (c+dx)

c (e+fx)

e (c+dx) e (c+dx)

m m

c (e+fx)

e|-6+6 +5m +m Gamma [4 +m] -

e (c+dx) e (c+dx) e (c+dx)

'F m
2d*e* (1+m) x*-2cd’e®® (-3em+f (4+m) x) +c* 2 M

e (c+dx)
m
+F4 <2+3m+m2) x4

m

e+-Fx) c(e+-Fx)

2efim (1+m) x3

c(e+fx]
e (c+dx) e (c+dx)

c (e+fx) "
)

|

C (e+fx) m

6e*|-1+ —2e3fx|4+m-4

c+dx e (c+dx
e < )
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Fx) " £x) "
2cdex [2efm@aam e [T o assnem) 0 QJ .
e(c+dx) e(c+dx>
'F m 'F m _F m
P I b Rk R CE ) A IPCY PO LS L)
e(c+dx) e(c+dx> e c+dx)
'F m 'F m
m clexrx) (e+ X>J JJJrczdzezxZ £2 (12+7m+m2>x2 c(e+ X> n
e (c+dx) e (c+dx)
'F m 'F m 'F m
2efaem x| 3es[SleTXN" (elerfx] ] [ clefx) )"
e (c+dx) e (c+dx) e (c+dx)
c(e+-Fx) m c(e+-Fx) m
12 -1+ | ——= +m(6+7 | ——— Gamma [5 + m] /
e(c+dx) e(c+dx) ]

c|24c*e*Gamma[4+m] +6c*e*mGamma[4 +m] + 96 c>de* x Gamma[4 + m] +

24c3de*mxGamma[4 +m] + 144 c>d? e* x> Gamma[4 +m] + 36 c2d? e* mx? Gamma[4 +m] +
96 c d® e* x> Gamma [4 + m] + 24 c d® e* mx® Gamma [4 + m] + 24 d* e* x* Gamma[4 +m] +

'F m
6d*e*mx*Gamma[4 + m] - 24 c* e* M Gamma[4 +m] -
e (c+dx)
'F m ,F m
6c*e’m clerfx) Gamma [4 +m] - 96 c>de* x clerfx) Gamma[4 +m] -
e(c+dx) e (c+dx)
£x) " £x) "
48 3 de*mx clerfx) Gamma[4 +m] + 24 c*e®* fmx cletfx) Gamma[4 +m] -
e (c+dx) e (c+dx)
£x)\" £x) )"
6c3de*m?x c(e+fx) Gamma[4 +m] + 6 c*e® fm?x M Gamma[4 +m] -
e (c+dx) e (c+dx)
£x) " £x) "
144 c? d? e* x? M Gamma [4 +m] - 120 c® d? e* m x? ¢ (e X>J Gamma [4 +m] +
e (c+dx) e (c+dx)
£x) " £x) "
96 c*de fmx? c e+ x) Gamma[4 +m] - 12 c* e? £2 m x? < (e+fx) Gamma[4 +m] -
e (c+dx) e (c+dx)
'F m 'F m
33c2d?e*m? x? CEEerX; Gamma[4 +m] + 48 c*d e? fm? x? cEe+x; Gamma[4 +m] -
e (c+dx e(c+dx
£x) " £x) "
15 c* e? f2 m? x? < (e+Fx) Gamma[4 +m] - 3 c? d? e* m? x? clerfx) Gamma[4 +m] +
e (c+dx) e (c+dx)
£x) " £x) "
6c3dedfmx?  [exfx Gamma[4 +m] -3 c*e?f2m?x? M Gamma[4 +m] -
e (c+dx e (c+dx)
_F m 'F m
144 c d® e* X3 ¢ (e+fx) Gamma[4+m]+144c2d2e3~Fx3(M Gamma [4 + m] -
e (c+dx) e(c+dx)
£x) " £x) "
144 3 d e? 2 x* c e+ fx Gamma [4 +m] + 48 c* e 3 x3 clerfx) Gamma[4 +m] -
e (c+dx) e (c+dx)
_F m _F m
228 cd®e*mx? cEeerx> Gamma [4 +m] + 444 c2d?e3 fmx3 cEe+x) Gamma[4 +m] -
e(c+dx e(c+dx
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£x)\" £x) "
348 ccde’ f2mx? clerfx) Gamma [4 +m] + 108 c* e f3 m x> MJ Gamma[4 +m] -
e (c+dx) e (c+dx)
c(e+fx)\" c(e+fx) )"
132cd®e*m®x3 | ————| Gamma[4+m] +330c?d?e3fm?>x® | ————| Gamma[4+m] -
e (c+dx) e (c+dx)
'F m 'F m
282c3de2f2m2x3(c(e+x> Gamma[4 +m] + 84 c*e 3 m? x3 c(e+x)) Gamma[4 +m] -
e (c+dx) e (c+dx)
c(e+fx)\" c(e+fx)
33cd*e*m®* x> | ————| Gamma[4+m] +93c?d?e®fm’x® Gamma [4 +m] -
e (c+dx) e (c+dx)
£x) " Fx) "
7c3derf ety Gamma[4 +m] +27 c* e £3 m? x c\grTX Gamma [4 +m] -
e (c+dx) e (c+dx)
_F m 'F m
3cd®e*m* X3 cle+fx) Gamma[4 +m] +9 c?d?e? fm* x> < (e+fx) Gamma [4 +m] -
e (c+dx) e(c+dx)
£x) " £x) "
9cdde? f2m*x3 M Gamma[4 +m] +3ctefm*x3 ¢ (e+Fx) Gamma [4 +m] -
e (c+dx) e (c+dx)
£x) " Fx) "
96 cd3e® fx* c (exfx] Gamma [4 + m] + 144 c® d? e f2 x* c e+ Fx Gamma[4 +m] -
e (c+dx) e (c+dx)
£x)\" £x) "
96 c*defx?  (e+fx] Gamma [4 + m] + 24 c* 4 x* cle+fx) Gamma[4 +m] -
e(c+dx) e (c+dx)
£x) " £x) "
128 cd®*e®* fmx* < (e+Fx) Gamma[4 +m] + 264 c* d? e? f> mx* clerfx) Gamma [4 +m] -
e (c+dx) e (c+dx)
'F m 'F m
192c3defimx? < (e+fx) Gamma [4 +m] + 50 c* 4 mx* c(e+x)) Gamma [4 +m] -
e (c+dx) e (c+dx)
£x) " Fx) "
62cd?e? fm?x*  (e+Fx) Gamma[4 +m] + 153 ¢ d? e? f2 m? x sfclerfx) Gamma [4 +m] -
e(c+dx) <c+dx)
c(e+Ffx) )" c(e+fx) )"
126 3defim?x* Gamma[4 +m] +35c* A m?x* | ———| Gamma[4+m] -
e (c+dx e (c+dx)
£x) " £x) "
13cd®e® fmdx* e+ fx) Gamma[4 +m] + 36 c2d?e? 2 m3 x* M Gamma [4 +m] -
e (c+dx) e (c+dx)
£x) " £x) "
33cdefPm? x? < (e+Fx) Gamma[4 +m] + 10 c* £ m? x* clerfx) Gamma[4 +m] -
e (c+dx) e (c+dx)
_F m _f: m
cd®e? fmx*  (e+fx) Gamma[4 +m] +3c?d?e? f2m*x* clesfx) Gamma[4 +m] -
e (c+dx) e (c+dx)
£x) " £x) "
3cde fm*x*  (e+fx] Gamma [4 +m] + c* % m* 4(M Gamma [4 +m] -
e(c+dx e(c+dx)

6 c*e* Gamma[5+m] - 24 c3de* xGamma[5+m] - 36 c2 d? e* x> Gamma [5 + m] -

24 cd3e* x> Gamma[5+m] - 6 d* e* x* Gamma [5 +m] +

m m

cle+fx c(e+fx
6c*e? Q Gamma[5+m] + 24 c3de’x ( ) Gamma[5 +m] +

e (c+dx) e (c+dx)
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6c3de*mx H rnGamma[5+m]76c4e31‘=mx % rrlGamma[5+m]+
e (c+dx
36 c? d? e* x? H mGamma[5+m] +21c?d?e*mx? % mGamma[5+m] -
. e (c+dx
24c3ded fmx? :E:Jr;:;() mGamma[5+m] +3c*e?f2mx? m mGamma[5+m} +
. e(c+dx
3c?d?e*m? x? :E:+Zi; mGamma[5+m}—6c3de3fm2x2 % mGamma[5+m}+
. e(c+dx
3 c*e? 2 m? x2 :E:+:z; mGamma[5+m}+24cd3e“x3 m mGamma[5+m}+
. e (c+dx
26cd®e*mx3 :E::Zi; mGamma[5+m}—36c2d2e3~me3 % rr|Gamma[5+m]+
e(c+dx
12c3de? f2mx3 :E:+:i; mGamma[5+m]—2c“e1‘=3mx3 % mGamma[5+m}+
N e (c+dx
9cd?e*m? x> :E:T;i; mGamma[5+m}—21c2d2e3-Fm2x3 CEeJr:X; mGamma[5+m]+
+ e (c+dx
15 c3de? f2 m? x> :E:+Zz; mGamma[5+m}—3c4ef3m2x3 CEE+ZX; rrlGamma[5+m]+
+ e(c+dx
cd®e*m?x3 %mGamma[5+m]—3c2d2e31‘:m3x3 cEeH;x; mGamma[5+m1+
+ e (c+dx
3c3de? 2 md X3 :<:+:i)mGamma[5+m]c4ef3m3x3 céeﬂgxi mGamma[5+m]+
. e(c+dx
24 cd3 e fxt :Ej+2i) mGamma[5+m}—36c2d2e2f2x4 CEEH(;X; mGamma[5+m]+
. e(c+dx
24cdef3x? :E:+:z; mGamma[5+m1—6c4-F“x4 CEeJr:X; mGamma[5+m]+
. e (c+dx
26 cd3ed fmx* :E:JrZ:; mGamma[5+m]757c2d2e2¥2mx4 % mGamma[5+m}+
. e(c+dx
42c3defPmx? :E:+:3 mGamma[5+m]—11c4f“mx4 % mGamma[5+m}+
N e (c+dx
9cd?e’fm?xt :E:H;i; mGamma[5+m}—24c2d2e2f2m2x4 CEGH;X; mGamma[5+m}+
+ e (c+dx
21ctdefPm?x* :E:H;i; rrlGamma[5+m]—6c“1‘4m2x4 % mGamma[5+m}+
+ e (c+dx
cd®edfmx? :E:H;i; mGamma[5+m1—3c2d2e2-F2m3x4 % mGamma[5+m]+
+ e (c+dx
3c3defimdx? :<:+Zi> mGamma[5+m}c4F4m3x4((m mGamma[5+m] +
+ e (c+dx
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4+ -4- - 1+
(a3ehx2(c+dx)3m[c+dx m(1+le m(e+fx)’1*m(ﬂ m[1+'F7X) "
c c e e
£x) " £x) "
c(4+m) (3e+fx) [-2d%e>xP+ P |-2e*fmx M +refim (1+m) x? M +
e (c+dx) e (c+dx)
£x)\" £x)\"
f3 (2+3m+m2)x3 M +2e3 -1+ M J _
e(c+dx) e(c+dx)
Fx)\" £x) "
2c’dex efm(3+m)x M + F2 (3+4m+m2) X2 clerrx) <e+ X) —e?2 -3+
e(c+dx) e(c+dx)
R c(e+-Fx) m c(e+-Fx) "'] cdtely? 'F(6+5m+m2)x c(e+-Fx) '"+
e(c+dx) e(c+dx) e(c+dx)
c(e+fx) m c(e+fx) " c(e+fx) m
el-6+6|—L| ysm|— L] m| — L Gamma[4 +m] -
e (c+dx) e(c+dx) (e(c+dx) J]
c(e+Fx) m
[Zd“e“(1+m)x“—2cd3e3x3(—3em+1c(4+m)x)+c4 e?f2 (-5+mymx® | ————| +
e (c+dx)
£x)\" £x) "
2ef3m (1+m) <e+ X> +-F4<2+3m+m2>x4 7(: (e+ X> +
e(c+dx) e(c+dx)
_F m _F m _F m
6e* |- e+ X>] JZe fx|4+m-4 M +2m(M J]
c+dx) e(c+dx) e(c+dx)
£x) " £x) "
2c3dex [2ef?m (4+m) x? M + 2 (4+5mem’) X3 c (e+Fx) +
e<c+dx) e(c+dx)
c(e+Fx) m c(e+fx) m C e+fx) m
e?f (4+m) x [3-3 +m -’ |[-8+m+38 +2
e(c+dx) e (c+dx) e(c+dx)
f m f m
m clerrx) (e+ X>] ]+Czdzezxz £2 (12+7m+m2)x2 c(e+ X> +
e (c+dx) e (c+dx)
'F m _F m 'F m
2efaemx|o3e3 L8N el XN (e (CderFXN)",
e(c+dx) e(c+dx) e(c+dx)
(c(e+fx) m (C(e+fx> m]
12 -1+ | ——= mi6+7 | ——— Gamma [5 + m] /
e(c+dx) e(c+dx)

24 c*e* Gamma[4 +m] + 6 c* e* mGamma[4 +m] + 96 c* d e* x Gamma [4 + m] +

[c

24c3de*mxGamma[4 +m] + 144 c?> d? e* x> Gamma[4 +m] + 36 c2 d?> e* mx? Gamma[4 +m] +
96 ¢ d® e* x> Gamma [4 + m] + 24 ¢ d® e* m x® Gamma [4 + m] + 24 d* e* x* Gamma [4 + m] +

.F m
6 d*e* mx* Gamma[4 +m] - 24 c* e* M Gamma[4 +m] -
e(c+dx)
£x) " £x) "
6c*e’m clerfx) Gamma [4 +m] - 96 c>de* x cletfx) Gamma[4 +m] -
e (c+dx) e (c+dx)
c(e+fx)\" c(e+Ffx) )"

48 c3de*mx Gamma[4+m}+24c4e3fmx Gamma[4 +m] -

e(c+dx) e(c+dx)
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£x)\" £x) "
6c3de*m?x M Gamma[4 +m] + 6 c* e fm?x M Gamma [4 +m] -
e (c+dx) e (c+dx)
£x) " £x) "
144 c? d? e* x? M Gamma[4 +m] - 120 c® d? e* m x? e+ fx) Gamma [4 +m] +
e (c+dx) e (c+dx)
£x) " £x) "
96 c3d e fmx?  (exfx) Gamma[4 +m] - 12 c*e? fmx? < (exFx) Gamma[4 +m] -
e(c+dx) e (c+dx)
£x) " Fx) "
33c?d?e*m? x? < (e+Fx) Gamma[4 +m] + 48 c® d e® £ m? x? clerfx) Gamma [4 +m] -
e (c+dx) e (c+dx)
£x) " £x) "
15 c* e? f2 m? x? < (e+Fx) Gamma[4 +m] -3 c?d?e*m® x? clerfx) Gamma[4 +m] +
e (c+dx) e (c+dx)
'F m 'F m
6c*de’ fm?x? < (e+Fx) Gamma [4 +m] -3 c*e? f2m3 x2 clerfx) Gamma [4 +m] -
e(c+dx) e(c+dx)
£x) " Fx) "
144 c d* e* x* < (e+Fx) Gamma[4 +m] + 144 c* d* e* f x3 cleefx) Gamma [4 +m] -
e (c+dx) e (c+dx)
_F m _F m
144 3 de? £ x3 c e+ fx Gamma[4 +m] + 48 c*e 3 x3 clerfx) Gamma[4 +m] -
e (c+dx) e (c+dx)
£x) " £x) "
228 cd®* e*mx? ¢ (e X>J Gamma[4 + m] + 444 c* d* e® fm x> ¢ (e X>J Gamma[4 +m] -
e (c+dx e (c+dx)
£x) " £x) "
348 c3de® f2mx3 ¢ (e+Fx) Gamma[4 +m] + 108 c* e 2 m x> e+ fx) Gamma [4 +m] -
e (c+dx e (c+dx)

_F m 'F m
132cd®e*m? x3 c (e+fx) Gamma[4 +m] + 330 c?d?e® fm? x3 c e+ fx) Gamma[4 +m] -
e(c+dx) e(c+dx)

£x) " f
282c*de’ f2 m? x*  (e+fx) Gamma [4 +m] + 84 c* e 3 m? x3 < (e+Fx) Gamma[4 +m] -
e (c+dx) e (c+dx
£x) " Fx) "
33cd®e*m? X3 clesfx) Gamma[4+m] +93c?d?e®fm?x3 c e+ fx) Gamma[4 +m] -
e (c+dx) e (c+dx)
_F m 'F m
87c3de? fimx3 M Gamma [4 +m] + 27 c* e F3m3 x3 c (e+fx) Gamma [4 +m] -
e (c+dx) e(c+dx)
£x) " £x) "
3cdPetmtx® M Gamma[4 +m] +9 c?d?e® fm*x3 ¢ (e+Fx) Gamma [4 +m] -
e (c+dx) e (c+dx
£x) " £x) "
9ctde? 2 m* x3 clerfx) Gamma[4+m] +3c*efm*x? c (e+fx) Gamma [4 +m] -
e (c+dx) e (c+dx)
£x)\" £x) "
96 cd®e? fx*  (e+fx] Gamma [4 + m] + 144 c? d? e? 2 x*  (e+fx] Gamma[4 +m] -
e (c+dx e (c+dx
£x) " £x) "
96 c3def3x* ¢ (e+Fx) Gamma[4 +m] + 24 c* 4 x* M Gamma [4 +m] -
e (c+dx e (c+dx)
c(e+Ffx)\" c(e+Ffx)\"

128 cd? e fmx* Gamma[4 +m] + 264 c?d? e? f2mx* Gamma[4 +m] -

e(c+dx) e(c+dx)
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£x) " £x) "
192cdefPmx* < (e+fx) Gamma[4 +m] + 50 c* 4 mx* ¢ (e X>J Gamma[4 +m] -
e (c+dx) e (c+dx)
£x) " £x) "
62 cd?e3fm?x? c [e+Fx) Gamma[4 +m] + 153 c? d? e? 2 m? x* c (e+fx) Gamma[4 +m] -
e (c+dx) e (c+dx
'F m 'F m
126 3 de 3 m? x* c e+ x) Gamma[4 +m] + 35 c* f* m? x* c e+ fx) Gamma[4 +m] -
e (c+dx e (c+dx
£x) " £x) "
13cd® e fmdx* e+ fx) Gamma[4 +m] + 36 c®d?e? f2 m3 x* M Gamma [4 +m] -
e (c+dx) e (c+dx)
£x) " £x) "
33c3defPmdx? < (e+fx) Gamma[4 +m] + 10 c* f* m? x* clerfx) Gamma[4 +m] -
e (c+dx) e (c+dx)
_F m 'F m
cd®e® fm*x* < (e+fx) Gamma[4 +m] + 3 c?d? e? f2 m* x* clesfx) Gamma[4 +m] -
e (c+dx) e(c+dx)
£x) " Fx) "
3ctdefm® x* c e+ fx Gamma [4 +m] + c* 4 m* x* clecfx) Gamma [4 +m] -
e (c+dx) e (c+dx)

6c*e*Gamma[5+m] -24c>de* xGamma[5+m] - 36 c2 d? e* x> Gamma [5 +m] -
24 c d® e* x> Gamma [5 +m] - 6 d* e* x* Gamma[5 +m] +

c(e+Ffx)\" c(e+fx) )"
6cte* | ———L| Gamma[5+m] +24c3de*x |———| Gamma[5-+m] +
e (c+dx) e (c+dx)
'F m _F m
6c3de*mx M Gamma[5+m] -6c*e>fmx M Gamma [5 +m] +
e(c+dx) e (c+dx)
£x) " £x) "
36 c? d? e* x? M Gamma[5 +m] + 21 c?2d? e*mx? M Gamma[5+m] -
e (c+dx) e (c+dx)
£x) " £x) "
24 c3ded fmx? M Gamma[5+m] +3c*e?f2mx? M Gamma[5+m] +
e (c+dx) e (c+dx)
£x)\" £x) "
3c?2d?e*m? x (e+ X) Gamma[5+m] - 6 c3de3 fm?x? M Gamma[5+m] +
e(c+dx) e (c+dx)
f Fx) "
3cte? f2m? x? (e+ X)) Gamma[5+m] + 24 cd® et x? M Gamma[5+m] +
e (c+dx) e (c+dx)
£x) " £x) "
26 cd®e*mx3 M Gamma[5+m] - 36 c2d?e>fmx3 M Gamma [5+m] +
e(c+dx) e (c+dx)
£x)\" £x) "
12c3de? f2mx3 M Gamma[5+m] -2c*ef3mx3 M Gamma[5+m] +
e (c+dx) e (c+dx)
£x) " £x) "
9cd®e*m? x3 M Gamma[5+m] - 21 c2d? e fm? x3 c (e+Fx) Gamma[5+m] +
e (c+dx) e (c+dx)
'F m ,F m
15c3de? 2 m? x3 M Gamma[5+m] - 3c*ef3>m?x3 c [e+Fx) Gamma[5 +m] +
e(c+dx) e (c+dx)
c(e+fx)\" c(e+fx)\"

cd®etm®x3 Gamma[5+m] - 3 c?d?e3fmdx3

e (c+dx)
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Fx)\" £x) "
3c3de2f2m3x3(M Gamma[5+m] - c*ef3>m®x3 M Gamma[5 +m] +
e(c+dx) e (c+dx)

£x) " £x) "
2acd®e3 fx* c (e+Fx) Gamma[5 +m] - 36 c2 d? e? £2 x* M Gamma[5+m] +
e (c+dx e (c+dx)
'F m 'F m
24c3de f3 x4 c (e+Fx) Gamma[5+m]6c4f4x4(c<e+x> Gamma[5+m] +
e(c+dx) e(c+dx)
£x) " £x) "
26cd3e3-me4(c(e+ x) Gamma[5+m] - 57 c2d? e? f2mx* M Gamma[5+m] +
e (c+dx) e (c+dx)
42c3def3mx4(c(e+fx) mGamma[5+m]—11c4-F“mx4 MmGamma[5+m}+
e (c+dx) e (c+dx)
_F m _F m
gcd®edfm?x* c (e+Fx) Gamma[5 + m] - 24 c2 d? e? 2 m? x* M Gamma[5+m] +
e(c+dx) e(c+dx)
£x) " £x) "
21c3defm?x* cerfx Gamma[5+m] - 6 c* 4 m? x* M Gamma[5+m] +
e (c+dx) e (c+dx)
_F m _f: m
cd®edfmx? c (e+fx) Gamma[5+m}3c2d2e21‘2m3x4(c(e+x> Gamma[5+m] +
e (c+dx) e (c+dx)
£x) " £x) "
3c3defmdxt ¢ [e+fx) Gamma[5 +m] - c* £+ m? x* M Gamma[5+m] || +
e (c+dx) e (c+dx)
-m m
a3f38(e+fx)1+m(c d_e+d(e+fx>J 1+d(e+-Fx
f f (c—dTe)'F
d f
Hypergeometric2F1[1+m, 4+m, 2+m, - (e:e)x) ] / ((—de+c-F)4
c-—|f
.F

(1+m))

Problem 133: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

j(aerx)z (c+dx)™™ (e+Ffx)" (g+hx) dx

Optimal (type 5, 572 leaves, 9 steps):
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((bc—ad) (dg-ch) (adf+b (cf(2+m)-de (3+m))) (c+dx)>" (e+fx)1*"‘)/
b(dg-ch) (a+bx) (c+dx)>™" (e+-Fx)1*"‘7

(> f (de-cf) (3+m)) - .

(bc-ad)?h (c+dx) ™ (e+fx)™™"
d®> (de-cf) (2+m)
2df (b>ce+a’df+ab (cf(1+m)-de(3+m))))
(cedx) ™ (exfx)*") /(d*F (de-cf)? (2+m) (34m)) -
((bc—ad)h(adf—b(zde(2+m)—cf(3+2m))) (c+dx) ™™ <e+fx)1*m)/
(& (de-cf)? (14m) (24m)) +
((dg—ch) (b*> (de-cf) (2+m) (cf(1+m)-de (3+m)) -
2df (b*ce+atdfrab (cf(1em -de(3+m)))) (crdx) " (e fx)T) /

—((dg—ch) (b*> (de-cf) (2+m) (cf(1+m)-de (3+m)) -

R 3 1, . . d(e+fx) -m
(d (de—c-F) <1+m) (2+m) (3+m))—d4mb h(c+dx) (e+-Fx) 7de—cf
f(c+dx)
Hypergeometric2F1[-m, -m, 1-m, - ————*
de-cf
Result (type 6, 5412 leaves):
[bzg(c+dx)3m (e+fx)"
dx) " dx)
[2d3e3x3(M +cd?e?x? f(6+5m+m2)x+e 6+5m+m’-6 M ]]+
c(e+Fx) c(e+-Fx)
e (c+dx)\"
c3 (—Zezfmx+ef2m(1+m) x? + £3 <2+3m+m2>x3—2e3 14 | —r ]]—
c(e+-Fx)
d m
2c2dex e-Fm(E-+m)x+-F2 (3+4m+m2) x2+e? |-3-m+3 M ]]]/
c(e+fx>

(c (—de+cf)3 (1+m) (2+m) <3+m)) + [Zabh <c+dx)’3’m (e+fx)"

d m d m
[2d3e3x3(M +cd?e?x? f(6+5m+m2)x+e 6+5m+m? -6 MJ ]]+
c(e+1:x) c(e+fx)
e(c+dx) "
c3 (—Zez-me+e-F2m(1+m) x2 + F3 <2+3m+m2>x3—2e3 14+ | —r ]]—
c(e+-Fx)
d m
2c2dex efm(3+m)x+f2 (3+4m+m2) x2+e%|-3-m+3 e(c+x>] J]]]/
c(e+fx>
(c (—de+c-F)3(1+m) (2+m) <3+m))+
“4-m m dx fx
(szcehx4(c+dx) (e+fx)"AppellF1[4, 4+m, —m, 5,——,——]/
C e
d x fx
(4 (5ceAppellF1[4, 4+m, -m, 5, -——, -—| +
C e

dx fx
:_7]_

cfmxAppellF1[5, 4+m, 1-m, 6, - —
c e
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dx f x
de (4+m) xAppellF1[5, 5+m, -m, 6, - —, - — |
C e

+{2abgx? (c+dx) " (e+ fx)"

m
+efim (1+m) X2

m]

c (e+fx)

c (e+fx) c(e+Ffx)\"

c(4+m) (3e+fx) [-2d%e>x}+? |-2e*fmx

+

e (c+dx)

m
+2e3 [1+

m

e (c+dx)
c(e+fx) c(e+fx)

£3 (2+3m+m2) x3(

e(c+dx) e (c+dx)

.F m
2c?dex e-Fm<3+m)x M + 2 (3+4m+m2) X2 —e?2 -3+

'"]

c (e+fx)

e (c+dx) e (c+dx)

£x) " f Fx) )"
clexrx) (e+ X) +m clerrx) (e+ X> +cd?e?x? -F(6+5m+m2)x clexrx) (e+ X>

+

e(c+dx) e (c+dx) e(c+dx)

c(e+fx) m m c(e+1‘x) m

e|-6+6 +5m +m Gamma[4 +m] -

e (c+dx) e (c+dx) e (c+dx)

'F m
2d*e* (1+m) x*-2cd’e®x® (-3em+f (4+m) x) +c* M

e?f2 (-5+m) mx? +

e (c+dx)

I

m
+F4 <2+3m+m2> x4

e+fXx) c(e+fx) m

+

2efm(1+m
m(1+m)x*

e

clerfx)

(c+dx) e (c+dx)
e+-Fx) m

)

] e

c (e+fx)

c(e+Ffx) )" c (e+fx)

6e* |- 4+m-4 +2m

(c+dx e (c+dx) e (c+dx)

m
+F3 (4+5m+m2) x3

cle+fx)\"
2ef2m (4+m) x2 7( >

2c3dex .

e (c+dx) e (c+dx)

+m

c(e+fx) c(e+fx)\"

3-3

e’ f (4+m) x

e (c+dx) e (c+dx)

c(e+fx)\"

m £2 (12+7m+m2)x2

]+c2d2e2x2

e (c+dx)

c (e+fx)

2ef (4+m) x

C (e+fx))'"
-3+3|———| +m

e (c+dx)

(e

e (c+dx)
m c(e+fx)

12 6+7

e (c+dx)

(4+m) |6d*e*x*+c* |6e>Ffmx

[c

-3e?f%nm (1+m) x2

3ef (1+m) <2+m>2x3

6e* |1+ -3c3dex |-2e2fm (4+m) x

c (e+fx) )mJ

e (c+dx)

e (c+dx)
m

+F3 (8+14m+7m2+m3)

|

.f:
ef? (12+26m+17m* +3m*) x* M

e (c+dx)

m m

f f f

X -4+4

e (c+dx) e (c+dx) e(c+dx)
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Gamma[4 +m] - (Zd“e4 (1+4m) x*-2cd®e®x® (-3em+f (4+m) x) +

c*|e?f2 (-5+m) mx? +2efm (1+m) x>

£4 (2+3m+m2) x4(

e

2e3fx |4+m-4

2c3dex |2ef?m (4+m) x?

c(e+fx) ]mJ )

e (c+dx)
]+

+2ef (4+m) x

c(e+fx)\"

e (c+dx)
m
CZdZeZXZ

£2 (12+7m+m2) X2

m m

¢ (e+fx) c(e+fx)

+12

e (c+dx) e(c+dx)

c(e+fx) )" c(e+fx) )"

Gamma [5 +m]

e (c+dx) e (c+dx)

m

(4+m) |6d*e*x*+c* |63 Ffmx -3e*f2m (1+m) x?

[c

3ef? (1+m) <2+m)2x3

c (e+fx)

6e* | -1+ -3c3dex |-2e?fm (4+m) x

|

e f? (12+26m+17m2+3m3) X2

e (c+dx)
m

+ 3 (8+14m+7m* + m?)

J_

c (e+fx)

c (e+fx)

e (c+dx)
m
+2e

m

+m

s c(e+fx) c (e+fx) c(e+fx)\"

X 3

-4+4

e (c+dx) e (c+dx) e (c+dx)

m m

c (e+fx)

cdiedx f(24+26m+9m2+m3)x +3e|-8+12 +

e (c+dx)

c(e+f@Jm+3

e (c+dx)
m
+7m?

c(e+fx) c(e+fx)\"

16m

J+3c2d2e2x2

e(c+dx) e (c+dx) e(c+dx)

m

+ F? (12+19m+8m2+m3) X2

1)

c (e+fx) c(e+fx)\"

ef (12+34m+19m2+3m3> X

e (c+dx) e (c+dx)

R c<e+fx) m c(e+Fx) m c(e+fx)

e  |7m +m Gamma [4 + m] +

+12 (1+

e(c+dx) e (c+dx) e(c+dx)
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f n f m
[Gd“e“x“Jrc4 -6e>fmx clerfx) +3e?f2m (1+m) X2 clerfx) X>J -
e(c+dx) e(c+dx)
f m f m
ef’m (2+3m+m?) 3 cletfx) -ft(6+11m+6m’ +m?) x* clerfx) +
e(c+dx> e(c+dx>
£x) )" £y \m
6et -1+ MJJ +3c3dex |-2e?2fm (4+m) x M +
e(c+dx> e(c+dx)
f m £ m
efzm(4+5m+m2>x2 M = (8+14m+7m2+m3>x3 M] N
e (c+dx) e (c+dx)
ret [ava [CLerFX) (eler XN L e
e<c+dx) e(c+dx)
f m £ m
efm (12+7m+m?) x clefx))" e (12+19m+8m? +m?) x2 ; lerfx) )"
e(c+dx) c+dx
e[ c(e+-Fx) '"+m c(e+-Fx) m+12 ) e+-Fx J]]
e (c+dx) e (c+dx) (c+dx)
£x) | f
cd3edx® -F<24+26m+9m2+m3>x[c(e+x> 26m (e+ X)
e (c+dx) e (c+dx)
c(e+fx) m c(e+fx) m c(e+-Fx) m
- M| ——] +24|-1 —_— Gamma[5+m] || +
e (c+dx) e(c+dx) (e(c+dx) J
| de dfesfx)\ ™[ dferfx) |
a?flg e+ fx)" (c—+4J 14+
f f c_di).f:
P
Hypergeometric2Fi |
1+
m, 4 +
m, 2+m,
d(e+fx)

S

)

//“7de+cff(1+m”

Problem 136: Result more than twice size of optimal antiderivative.

dx

(A+Bx) (c+dx)" (e+fx)P
J a+bx

Optimal (type 6, 177 leaves, 5 steps):
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d (e+-Fx) P

de-cf
b(c+dx) f(c+dx)
AppellFl[lJrnJ 1, -p, 2+n, y -

bc-ad de-cf

(Ab-aB) (c+dx)™" (e+fx)P

(B (c+dx) den (e+fx) P Hypergeometric2F1[1, 2+n+p, 2 +p,

(b(de-cf) (1+p))
Result (type 6, 692 leaves):

zi (c+dx)n (e+fx)p
b% f

) -bc+ad -be+af
Abdf? (-1+n+p) (a+bx) AppellFl[-n-p, -n, -p, 1-n-p, s ] /
d(a+bx) f(a+bx])

VH+P)

-bc+ad -be+af
k]

d (a+bx> f(a+bx)

-bc+ad -be+af

(-bc+ad) fnAppellFi[1-n-p,1-n, -p, 2-n-p, s |+
d(a+bx) f(a+bx)
1]]-

-bc+ad -be+af
d ’ ]
(a+bx) F(a+bx)

(df (-1+n+p) (a+bx) AppellFi[-n-p, -n, -p, 1-n-p,

-bc+ad -be+af
d<a+bx), f(a+bx)

d(-be+af) pAppellFl[l-n-p, -n, 1-p, 2-n-p,

aBdf? (-1+n+p) (a+bx) AppellFl[-n-p, -n, -p, 1-n-p,

/

“n+P)

-bc+ad -be+af
d (a+bx>, f(a+bx)
-bc+ad -be+af
> ]*
d<a+bx) 'F(a+bx>
1)]-

(df (-1+n+p) (a+bx) AppellFi[-n-p, -n, -p, 1-n-p,

(-bc+ad) fnAppellF1[1-n-p,1-n, -p, 2-n-p,

-bc+ad -be+af
2
d<a+bx) -F(a+bx)

- d (e+-Fx)
(e + f x) Hypergeometric2F1[-n, 1+p, 2+p, —

d(-be+af)pAppellFl[l-n-p, -n, 1-p, 2-n-p,

1 (-F(c+dx)
bB
1+p -de+cof

de-cf

Problem 137: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

bx)"™ (A+B dx)™
J(a+ x) (A +BX) (c+ x) ix

e+fx

Optimal (type 5, 233 leaves, 5 steps):
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d(Be—A-F) <a+bx)1”“ (c+dx)’m 1

(bc-ad) f2m f2m
be-af d
(Be-Af) (a+bx)" (c+dx) "Hypergeometric2F1[1, -m, 1-m, (be-af) (crdx) -
(de-cf) (a+bx)
b(c+dx)\"
bc-ad

((aBdfm—b (Bde-Adf+Bcfm)) (a+bx)"" (c+dx)m[

d (a+bx>

Hypergeometric2F1[m, 1+m, 2+m, -
bc-ad

I|/ (b(bc-ad) fm(zem)

Result (type 6, 627 leaves):

[(a+bx)m (crdx)™

(Bd (-bc+ad)e(be-af) (-1+m) (2+m) (a+bx) AppellF1[1+m, m, 1, 2+m,

d(a+bx) f(a+bx]
~bc+ad  -be+af

+Ad(-bc+ad)f(be-af) (-1+m) (2+m) (a+bx)

-m

d(a+bx) f(a+bx)

-bc+ad ’ -be+af

d(a+bx)

-bc+ad

AppellF1[1+m, m, 1, 2 +m, | +bB (1+m) (c+dx)

d(a+bx f(a+bx
+fx bc-ad) (be-af) (2+m) AppellF1|{1+m, m, 1, 2 +m, R
. a+bx) f(arbx)
-bc+ad -be+af
d(a+bx) f(a+bx)
(a+bx) | (-bcf+adf) AppellF1[2+m, m, 2, 3+m, s
-bc+ad -be+af

d(a+bx) f(a+bx]

_bc+ad -be+af

d(-be+af) mAppellF1[2+m, 1+m, 1, 3+m, ] ]

]/ [bdf (1-m) (1+m) (e+Fx)
]+

b (c+dx)

Hypergeometric2F1[1-m, -m, 2 -m,
bc-ad

]

d(a+bx) f(a+bx]
“bc+ad -be+af
d(a+bx) f(a+bx)
“bc+ad  -be+af

d(a+bx) F(a+bx)] ]J

_bc+ad -be+af
Problem 138: Result more than twice size of optimal antiderivative.

((bc—ad) (be-af) (2+m) AppellF1[1+m, m, 1, 2+m,

+

(a+bx) ((bc-FJradf) AppellF1[2+m, m, 2, 3 +m,

d(-be+af)mAppellF1[2+m, 1+m, 1, 3+m,

A+B dx)" fx)P
J( +Bx) (c+dx)" (e+fx) i

Va+bx
Optimal (type 6, 250 leaves, 7 steps):
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-n -p

(e+-Fx)p b (e+-Fx)

b<c+dx)

l2 (Ab-aB)+a+bx (c+dx)n
b2 bc-ad be-af
d b f b
AppellFl[ =, -n, -p, i,— (3 X),— (a X>]+ = 2B(a+bx)3/2 (c+dx)"
2 bc-ad be-af 3 b2

P 3 3 d<a+bx> 'F(a+bx)
AppellFl[f, -n, -p, —, - > -
2 2 bc-ad be-af

-n

— N R

b(c+dx b(e+'FX)

e+fx)P
bc-ad ( ' >

be-af

Result (type 6, 551 leaves):
L2 (bc—ad) (be—af) va+bx (c+dx)n (e+-Fx)p

3 b2
d b f b
[(9 (Ab-aB) AppellF1[ >, -n, p, >, 2~ X>, 2+ X)}/
2 2 -bc+ad -be+af
d b f b
(3 (bc-ad) (be—aF)AppellFl[l,—n,_p, i) (a+ x), (a+ X)}_
2 2 -bc+ad -be+af
3 5 d{a+bx) f(a+bx)
d(7be+a-F)nAppellF1[f,1—n,fp, =, ,
2 2 -bc+ad -be+af
3 5 d(a+bx) f(a+bx)
(-bc+ad) fpAppellF1[ =, -n, 1-p, —, s J+
2 2 -bc+ad -be+af
d(a+bx) 'F(a+bx>

3 5
5B(a+bx) AppellFl[f,fn,fp, -, s ] /
2 2 -bc+ad -be+af
3 5 d(a+bx) f(a+bx)
21 —bc+ad, -be+af
5 7 d(a+bx) -F(a+bx)
2 (a+bx) (d (7be+af) nAppellFl[—, l1-n, -p, —, s
2 2 -bc+ad -be+af

J

+

2 (a+bx)

) _nJ _pJ

(5 (bc-ad) (be-af) AppellF1|

N

d(a+bx) f(a+bx)

-bc+ad ’ -be+af

)

5 7
(-bc+ad) fpAppellF1[ =, -n, 1-p, —
2 2

Problem 139: Unable to integrate problem.
J(a+bx)m (c+dx)" (e+Ffx)P (g+hx)3d1x

Optimal (type 6, 530 leaves, 31 steps):
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-n

b(c+dx)

—— (bg-ah)® (a+bx)¥™ (c+dx)" e+ fx)P
b4 (1+m)( & )" (2 bx) 7 (e dx) bc-ad (e+£x)
b<e+-Fx) P d(a+bx) F(a+bx)
————| AppellF1[1+m, -n, -p, 2+m, - , - |+
be-af bc-ad be-af
b d -n
¥3h(bg—ah)z(a+bx)2*’" (c+dx)" b (crdx) (e+Fx)P
b4(2+m) bc-ad
b(e+fx))™P d(a+bx) f(a+bﬂ
————| AppellF1[2+m, -n, -p, 3+m, - , - ]+
be-af bc-ad be-af
b d -n
1 sh(bgoah) (arbx)® (cedx)” [ L) gy
b* (3 +m) bc-ad
b(e+fx) P d(a+bx) f(a+bﬂ
————| AppellF1[3+m, -n, -p, 4+m, - , - |+
be-af bc-ad be-af
b(c+dx)|™ b (e+fx) )P
Mlm(a+bxfm(c+de[(c+x) <e+fxw Ajfigfl
(4+m) bc-ad be_af
A o _d(a+bx) _-F(a+bx)
ppellF1[4+m, -n, -p, 5+m, s ]
bc-ad be-af
Result (type 8, 31leaves):
Jwa+bxW(c+de(e+fXW(g+hﬂ3dx
Problem 140: Unable to integrate problem.
g P
J(a+bx)m(c+dx)”(e+fx>p(g+hx)2d1x
Optimal (type 6, 393 leaves, 15 steps):
b d -n
——————{bg—ahf(a+bxfm(c+dxw _ifi_fl (e+fx)P
b3 (1+m) bc-ad
b<e+-Fx) P d(a+bx) f(a+bx)
————"| AppellFi[1+m, -n, -p, 2+m, - , - ]+
be-af bc-ad be-af
b(C+dX) -n
———2h(bg-ah bx)2™ dx)" | ———+ fx)P
o (2+m (bg-ah) (a+bx)*" (c+dx) P (e+fx)
b<e+-Fx) P d(a+bx) F(a+bx)
_ AppellFl[Z-rm, -n, -p, 3+m, - > - ]+
be-af bc-ad be-af
b d -n b f P
P L (a+bx)>™ (c+dx)" b (c+dx) (e+Fx)P ole+fx) X>)
(3+m) bc-ad be-af
A o _d(a+bx) _-F(a+bx)
ppellFl[B-rm, n, -p, 4+m, ]

bc-ad ’ be-af

Result (type 8, 31leaves):
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J(a+bx)m (c+dx)" (e+fx)P (g+hx)2d1x

Problem 141: Unable to integrate problem.
J]a+bxw(c+dxw(e+fxw(g+hx)dx

Optimal (type 6, 256 leaves, 7 steps):
1
b (1+m)
b (e+fx)
be-af

-n

DX | s

bc-ad
d(a+bx) -F(a+bx)

AppellF1[1+m, -n, -p, 2+m, - , - ]+
bc-ad be-af

-p

(bg-ah) (a+bx)1+m (c+dx)"

-P

-n

b (c+dx)

bc-ad
d(a+bx) -F(a+bx)

AppellF1[2+m, -n, -p, 3+m, - , - ]
bc-ad be-af

b (e+Fx)
be-af

h (a+bx)2*m (c+dx)”

m <e+'FX)p

Result (type 8, 29leaves):

J(a+bx)m (c+dx)" (e+fx)P (g+hx) dx

Problem 142: Result more than twice size of optimal antiderivative.

J(a+bx)’" (c+dx)" (e+Ffx)Pdx

Optimal (type 6, 123 leaves, 3 steps):

b d -n
! (a+bx)1*m (c+dx)" M (e+Fx)P
b(1+m) bc-ad
b(e+-Fx) P d(a+bx) f<a+bx)
————| AppellF1[1+m, -n, -p, 2+m, - , - ]
be-af bc-ad be-af

Result (type 6, 296 leaves):

“bcad)(beaf)(2+m)(a+bx)“m(c+dxw

<e+'FX)pA 1 ) ) d(a+bx) 'F(a+bx) )/
ppellF1[1+m, -n, -p, 2+m, s
-bc+ad -be+af

d b f b
(bc-ad) (be-af) (2+m) AppellF1[1+m, -n, -p, 2+m, (a+bx) (a+bx)

&(1+m)

-bc+ad ’ -be+af
d(a+bx) f(a+bx)
—bc+adj -be+af

d (a+bx) -F(a+bx)} ]]

+

(a+bx) (d (-be+af) nAppellF1[2+m, 1-n, -p, 3+m,

(-bc+ad) fpAppellF1[2+m, -n, 1-p, 3+m, s
-bc+ad -be+af
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Problem 144: Unable to integrate problem.

J(a+bx)m (A+Bx) (c+dx)" (e+Ffx) " "dx

Optimal (type 6, 268 leaves, 7 steps):

-n

b (C+dx)
bc-ad
mn d(a+bx) f(a+bx)

AppellF1[1+m, -n, m+n, 2+m, - , - +
bc-ad be-af

m+n

(Ab-aB) (a+bx)1”"<c+dx)” (04 fx) ™"

b? (1+m)
b <e+-Fx)
be-af

-n

b <c+dx)
bc-ad
d(a+bx) f (a+bx)

AppellF1[2+m, -n, m+n, 3+m, - , -
bc-ad be-af

b (e+-Fx)

B(a+bx)2*"‘ (C+dx)n . .
e-a

(e +f X) -men

b? (2+m)

Result (type 8, 35leaves):

J(a+bx)m (A+Bx) (c+dx)" (e+Ffx) " "dx

Problem 145: Result more than twice size of optimal antiderivative.

arbx)" (A+Bx) (c+dx)" (e+fx)T™"dx
[(arox)" s (crdx) (e fx]

Optimal (type 6, 283 leaves, 7 steps):
b (C +d X)
bc-ad
men d(a+bx) f (a+bx)
AppellF1[1+m, -n, m+n, 2+m, - , - | -
bc-ad be-af
b<c+dx) b(e+'FX)
bc-ad be-af

d b f b
AppellF1[1+m, -n, 1+m+n, 2+m, - (a+bx) - (2 X>] /(-F(be—af) (1+m))

bc-ad ’ be-af

-n

1
bf (1+m)
b (e+fx)
be-af

B (a+bx)1”" (c+dx)"

(e + f x) -men

-n
(e + 'FX) -mn

m+n

((BeA'F) <a+bx)1”" (c+dx)"

Result (type 6, 576 leaves):
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1
b (1+m)

(bc-ad) (be-af) (2+m) (a+bx)1”“ (c+dx)"

d<a+bx> f(a+bx>
“bc+ad —be+af]/
d(a+bx) f(a+bx)
“bc+ad  -be+af
d(a+bx) f(a+bx]
_bc+ad -be+af
d(a+bx) f(a+bx)
“bc+ad  -be+af
d(a+bx) F(a+bx)]/

—bc+ad’ -be+af

(e+fx) ™" | |BAppellF1[1+m, -n, m+n, 2+m,

(-F [(bc—ad) (be-af) (2+m) AppellF1[1+m, -n, m+n, 2+m,

(a+bx)

d(-be+af) nAppellF1[2+m, 1-n, m+n, 3+m,

+

1))+

(bc-ad)f (m+n) AppellF1[2+m, -n, 1+m+n, 3+m,

Be
(A——) AppellF1[1+m, -n, L+m+n, 2+m,
-F

(e+fx) |(bc-ad) (be-af) (2+m)

d(a+bx) f(a+bx)
~bc+ad -be+af
d(a+bx) f(a+bx]
“bc+ad -be+af
d(a+bx) f(a+bx)

-bc+ad ’ -be+af

AppellF1[1+m, -n, 1+m+n, 2+m, - (a+bx]

d(-be+af) nAppellfF1[2+m, 1-n, 1+m+n, 3+m, |+ (bc-a

)]

d) f (1+m+n) AppellF1[2+m, -n, 2+m+n, 3+m,

Problem 147: Result more than twice size of optimal antiderivative.
J(a+bx)m (A+Bx) (c+dx)" (e+fx>'3'm'”dlx
Optimal (type 5, 263 leaves, 3 steps):

(Be—A-F) (a+bx)1*m (c+dx>1+" (e+-Fx)'2"“‘” i
(be-af) (de-cf) (2+m+n)

[(b(Bce(1+m)+A<cf(1+n)—de(2+m+n)))+
a(Adf (1+m)+B(de (l+n)-cf(2+m+n))))
(be-af) (c+dx) ™" lexfx]

(bc-ad) (e+fx)

(de-cf) (a+bx)
(bc-ad) (e+fx)}J/
((be-af)?(de-cf) (1+m) (24msn))

(a+bx)1*m (c+dx)" “1-m-n

Hypergeometric2F1 [1 +m, -n, 2+m, -

Result (type 5, 10558 leaves):

n n

-bc-bdx
-bc+ad

_d(a+bx)

_ _ 3+m+
A(a+bx)1*2m(c+dx)2"( M) " N y
-bC+a

-be+af

(e+_FX>—6—2m—2n (
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“2-m- 2 Hypergeometric2F1[1, —n, 3 +m, ‘de=cfl (a:bx)
1- M " nGamma[2+mj ypere { ’ > 2 (be-af) (c+dx) ] +
-be+af Gamma[3 +m]

de-cf) (a+bx) ]

m Hypergeometric2F1[1, -n, 3 +m, (be-af) (c+dx)

+
Gamma[3 +m]

de-cf) (a+bx) }

f (a+bx) Hypergeometric2F1[1, -n, 3 +m, et leidn)

(be-af) Gamma[3+m)
(de—cf) (a+bx)
(be-af) (c+dx)

1)/

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-n, 4+m,

((be-af) (c+dx) Gamma[4+m] Gamma[-n]) -

[f (-de+cf) (a+bx)zGamma[1—n] Hypergeometric2F1[2, 1-n, 4 +m,

(de-cf) (a+bx)
(be-af) (c+dx)

}]/ ((be—aw‘)2 (c+dx) Gamma[4 +m] Gamma[n])]]/

1 1+m n "
- -F(—Z—m—n) (a+bx> (c+dx)

(-be+af) (1+m)

-bc-bdx
-bc+ad

b (1+m)

-3-m-n

-be-bfx

(e+fx)>m ( o [1 d(arbx)
-be+af

n 1 f(a+bx)
-bc+ad [

-be+af

(de-cf) (a+bx) }
(be-af) (c+dx)

2 Hypergeometric2F1 [1, -n, 3+m,

Gamma[2 +m] +

Gamma[3 + m]

(de-cf) (a+bx) ]

mHyper*geometchFl[l, -n, 3+m, (beaf) (crdx)

+
Gamma[3 +m]

(de-cf) (a+bx)
(be-af) (c+dx)

I/ ((be-a¥)

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-n, 4+

[f (a+bx) Hypergeometric2F1[1, -n, 3 +m,

Gamma[3 +m] ) +

(de-cf) (a+bx)
(be-af) (c+dx)

] /((be—af) (c+dx) Gamma[4 +m] Gamma[-n]) -

m,
[f (-de+cf) (a+bx)ZGamma[1—n} Hypergeometric2F1[2, 1-n, 4 +m,

(de-cf) (a+bx)
(be-af) (c+dx)

]/((be—af)z(c+dx)Gamma[4+m]Gamma[—n}) -

L dn(a+bX>1+m <C+dx>n M)in (e+_FX>737mfn
<_bc+ad> (1+m> -bc+ad
-be+af -bc+ad _be+af
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. _ de-cf) (a+bx
2 Hypergeometric2F1[1, -n, 3 +m, i—U—L(beiaﬂ e ]

Gamma[2 + m] +

Gamma[3 +m]

. ,
mHypergeometric2F1[1, -n, 3 +m, ‘decfiabx |
(be-af) (c+dx)

Gamma [3 +m]
(de-cf) (a+bx)
(be-af) (c+dx)

1)/

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-

[f (a+bx) Hypergeometric2F1[1, -n, 3 +m,

((be-af) Gamma[3+m]) +

(de-cf) (a+bx)
(be-af) (c+dx)

n, 4+m, ] /((be—af) (c+dx) Gamma[4+m] Gamma[-n]) -

[f (-de+cf) (a+ bx)zGamma[lf n] Hypergeometric2F1(2, 1-n, 4+m,

(de-cf) (a+bx)
(be-af) (c+dx)

/((be—af)2 (c+dx) Gamma[4 +m] Gamma[—n])] _

mrvverrae AL LU R SR erwewery BC S
-be+a 1+m _bc+a
(—be+af -bc+ad _be+af

. _ de-cf) (a+tbx
2 Hypergeometric2F1[1, -n, 3 +m, 1—)4—)—(“7“) e ]

Gamma[2 + m] +

Gamma[3 +m]

. _ (de-cf) (a+bx
m Hyper‘geometr‘1c2F1[1, n, 3+m, (beaf) (csdx) }

+
Gamma [3 + m]

(de-cf) (a+bx)
(be-af) (c+dx)

{f (a+bx) Hypergeometric2F1[1, -n, 3 +m,

1)/

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-

((be-af) Gamma[3+m]) +

(de-cf) (a+bx)
(be-af) (c+dx)

n, 4+m, ] /((be—af) (c+dx) Gamma[4 +m] Gamma[-n]) -

[f (-de+cf) (a+ bx)ZGamma[l— n] Hypergeometric2F1(2, 1-n, 4+m,

(de-cf) (a+bx)
(be-af) (c+dx)

}/((be—af)z(c+dx)Gamma[4+m1Gamma[—n]) +

L f(3omon) (asbx)P (cadx)n [T2ETRAX)T o gy e
b (1+m) -bc+ad

_be-bfx)3+mn 1 d(a+bx> n . f(a+bx) -2-m-n

(—be+a-F [ _bc+ad ( _be+af
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. _ de-cf) (a+bx
2 Hypergeometric2F1[1, -n, 3 +m, i—U—L(beiaﬂ e ]

Gamma[2 + m] +

Gamma[3 +m]

. ,
mHypergeometric2F1[1, -n, 3 +m, ‘decfiabx |
(be-af) (c+dx)

Gamma [3 +m]
(de-cf) (a+bx)
(be-af) (c+dx)

1)/

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-

[f (a+bx) Hypergeometric2F1[1, -n, 3 +m,

((be-af) Gamma[3+m]) +

(de-cf) (a+bx)
(be-af) (c+dx)

n, 4+m, ] /((be—af) (c+dx) Gamma[4+m] Gamma[-n]) -

[f (-de+cf) (a+ bx)zGamma[lf n] Hypergeometric2F1(2, 1-n, 4+m,

(de-cf) (a+bx)
(be-af) (c+dx)

/((be—af)2 (c+dx) Gamma[4 +m] Gamma[—n]) +

_ _ -1-
b 2) ( ) dn(a+bx)1”" (c+dx>”(%) " (e+-Fx)’3’"""
-bc+a 1+m “bc+a
(7befb1’x 3emn [1 d(a+bx))” L fla+bx))>m"
-be+af -bc+ad -be+af

. _ (de-cf) (a+bx)
2Hyper‘geometr‘1c2F1[1, n, 3+m, beaf) (crdx) ]

Gamma[2 +m] +

Gamma[3 +m]

s _ de-cf) (a+bx
m Hypergeometric2F1[1, -n, 3 +m, 3—)—(—)—(“73{) v ]

Gamma[3 + m]
(de—cf) (a+bx)
(be—af) (c+dx)

[f (a+bx) Hypergeometric2F1[1, -n, 3 +m,

1)/

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-

((be-af) Gamma[3+m]) +

(de-cf) (a+bx]
(be-af) (c+dx)

n, 4+m, /((befaf) (c+dx) Gamma[4+m] Gamma[-n]) -

['F (-de+cf) (a+bx)?Gamma[l-n] Hypergeometric2F1[2, 1-n, 4+m,

(de-cf) (a+bx)
(be-af) (c+dx)

}J/ ((be—af)2 (c+dx) Gamma[4 +m] Gamma[n])] +

B - - — — 3+m+
an (asbx) " (codx) 20 (2RO T (o gy e (22X T
b<1+m) -bc+ad _be+af
d(a+bx) “[ fla+bx))2m
B 1- Gamma[2 +m]
-bc+ad -be+af
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. _ de-cf) (a+bx
2 Hypergeometric2F1[1, -n, 3 +m, S—U—)—weiaﬂ v ]

Gamma[3 + m]

. ,
mHypergeometric2F1[1, -n, 3 +m, ‘decfiabx |
(be-af) (c+dx)

Gamma [3 +m]
(de-cf) (a+bx)
(be-af) (c+dx)

[f (a+bx) Hypergeometric2F1[1, -n, 3 +m,

1)/

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-

((be-af) Gamma[3+m]) +

(de-cf) (a+bx)

n, 4+m,
(befaF) (c+dx)

/((be—af) (c+dx) Gamma[4+m] Gamma[-n]) -

[f (-de+cf) (a+ bx)zGamma[lf n] Hypergeometric2F1(2, 1-n, 4+m,

(de-cf) (a+bx)
(be-af) (c+dx)

/((be—af)2 (c+dx) Gamma[4 +m] Gamma[—n])] +

(a+bx)’"(c+dx>”(—_bc_bdx)in (e+fx)>m" (7—be—bfx o
-bc+ad -be+af
( d(a+bx) ( f(a+bx))>m"
1- — 1-— Gamma [2 +m]
-bc+ad -be+af

s B de-cf) (a+bx)
2Hyper‘geometr‘1c2F1[1, n, 3+m, (beaf) (crdx) ]

+

Gamma[3 +m]

. _ (de-cf) (a+bx)
m Hypergeometric2F1[1, -n, 3 +m, et e ]

+
Gamma[3 +m]

(de-cf) (a+bx)
(be-af) (c+dx)

[-F (a+bx) Hypergeometric2F1[1, -n, 3 +m,

1)/

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1|2,

((be-af) Gamma[3+m]) +

(de-cf) (a+bx)

1-n,4+m,
(be-af) (c+dx)

/((befaf) (c+dx) Gamma[4+m] Gamma[-n]) -

['F (-de+cf) (a+bx)2Gamma[1—n} Hypergeometric2F1[2, 1-n, 4 +m,

(de-cf) (a+bx)
(be-af) (c+dx)

/((befaf)2 (c+dx) Gamma[4 +m] Gamma[n])} +

-n

-bc-bdx
-bc+ad
n [lf(a+bx)

-be+af

3+m+n

-be-bfx

-be+af

(a+bx)1”" (c+dx)"

b (1+m) (20 fx)

d (a+bx)
-bc+ad

-2-m-n

Gamma[2 +m]
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. _ de-cf) (a+bx
b f Hypergeometric2F1[1, -n, 3 +m, 1—)—(—)—<beiaﬂ o ]

(be-af) Gamma[3 +m)

d(de-cf) (a+bx)+ b(de-cf)
(be-af) <c+dx)2 (be-af) (c+dx)

2n |-

de-cf b
HypergeometricZFl[Z,1—n,4+m, ( - )(a+ X>] /((3+m) Gamma[3+m])—
(be-af) (c+dx)
d(de-cf) (a+bx) b(de-cf)

mn |- Hyper‘geometr‘icZFl[

(be-af) (c+dx) (be—af) (c+dx)
de-cf) (a+bx

E eaf; Ec+dx;] /((3+m) Gamma[3+m]) -
d(de-cf) (a+bx) b(de-cf)
(be-af) (c+dx)2 ' (be-af) (c+dx)

(de-cf) (a+bx)

(be-af) (c+dx)

2,1-n,4+m,

fn(a+bx) Hypergeometric2Fi|

2,1-n,4+m,

] /((befaf) (3+m) Gamma[3+m]) -

[d (de-cf) (a+bx) Gamma[l-n] Hypergeometric2F1[2, 1-n, 4 +m,

(de-cf) (a+bx)
(be-af) (c+dx)

/((be—af) <c+dx)ZGamma[4+m] Gamma[-n]| +

[d-F (-de+cf) (a +bx)ZGamma[1—n] Hypergeometric2F1[2, 1-n, 4+m,

(de-cf) (a+bx)
(be-af) (c+dx)

] /((be—aw‘:)2 (c+dx)ZGamma[4+m1 Gamma[—n}) +

(de-cf) (a+bx)
(be-af) (c+dx)

1)/

[b (defcf) Gamma[1l-n] Hyper‘geometr‘icZFl[Z, 1-n,4+m,

((be-af) (c+dx) Gamma[4+m] Gamma[-n]) -

2bf (-de+cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-n, 4+m,

(de-cf) (a+bx)
(be-af) (c+dx)

] /((be—aﬂ2 (c+dx) Gamma[4 +m] Gamma[fn]) +

2(de-cf) (1-n) (a+bx) {_d(dec-F) (a+bx)+ b(de-cf) J

(be-af) (c+dx)® (be-af) (c+dx)
(de-cf) (a+bx)

(befa-F) (c+dx)})/

((be-af) (4+m) (c+dx) Gamma[4 +m] Gamma[-n] ) -

d(de-cf) (a+bx) b(de-cf)

2f (-des+c#) (1-n) <a*“>2( be-a] (crax)? (be-af) (crdx)

Gamma [l - n] Hypergeometric2F1 [3, 2-n, 5+m,
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de-cf) (a+bx]
Gamma [1 - n] HypergeometricZFl[B, 2-n, 5+m, //
(be-af) (c+dx)

JJ

((be—af)z (4+m) (c+dx) Gamma[4 +m] Gamma[—n])

-n

-bc-bdx

Be <a+bx)1*2m (c+dx)2n [

-bc+ad

3+m+n

(—be—bfx
-be+af
[ d(a+bx)
1- ——

n

-bc+ad

-2-m-n

1 'F(a+bx)
[ -be+af

Gamma [
2+
m]

. _ de-cf) (a+bx
2 Hypergeometric2F1[1, -n, 3 +m, 1—)4—)—(“73{) v ]

+

Gamma[3 +m]

. _ (de-cf) (a+bx
m Hypergeometric2fF1[1, -n, 3 +m, et leidn) ]

+
Gamma[3 +m]

. _ de-cf) (a+bx
f (a+bx) Hypergeometric2F1[1, -n, 3 +m, 1—)—(—)—(be7aﬂ v ]

(be-af) Gamma[3 +m)
(de—cf) (a+bx)
(be-af) (c+dx)

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-n, 4+m,

1)/

((be-af) (c+dx) Gamma[4+m] Gamma[-n]) -

F(—de+cf)<a+bﬂ26mmau—n]

(de-cf) (a+bx]
(be-af) (c+dx)

|/

_<,be+af>(1+m>f<‘2—m—n)(a+bx)“m(c+dxﬂ

Hypergeometric2F1[2, 1-n, 4+m,

1)/

((befaf)z<c+dx)Gamm[4+m]Gamm[fnw

-n

-bc-bdx

-bc+ad

b f (1+m)

-3-m-n

-be-bfx

e+ x) > [
-be+af

-bc+ad

3+m+n 1 d (a +b X)
[ -be+af

n [1f(a+bx)

. _ (de-cf) (a+bx
2Hypergeometr1c2F1[1, n, 3+m, (beaf) u+dm}

Gamma[2 +m] +

Gamma [3 + m]




Mathematica 11.3 Integration Test Results for 1.1.1.4 (a+b x)~"m (c+d x)~n (e+f x)”p (g+h x)~q.nb | 99

m Hypergeometric2F1[1, -n m, de=ch) (axbx)
ypergeometric { ’ > 3+m, (be-af) (c+dx)]

+
Gamma[3 +m]

(de-cf) (a+bx)
(be-af) (c+dx)

[F (a+bx) Hypergeometric2F1[1, -n, 3 +m,

] /((be—af)

(de-cf) (a+bx) Gamma[1l-n] Hypergeometric2F1[2, 1-n, 4+

Gamma[3 +m] ) +

(de-cf) (a+bx)
(be-af) (c+dx)

m, be-af) (c+dx) Gamma[4 +m] Gamma[-n]) -
/ ((be-af) (c+ax) )

[f (-de+cf) (a+bx)zGamma[1fn} Hypergeometric2F1[2, 1-n, 4 +m,

(de-cf) (a+bx)
(be-af) (c+dx)

]/((be—af)z(c+dx>Gamma[4+m]Gamma[—n}) -

< 1) ( >dn(aerx)l”" (c+dx>n %_n (eJr_FX)fB—m—n
-bc+ad) (1+m _bc+a

~be-bfx)mn [1 d(a+bx) )™ [1 flasbx) )T
(—be+af -bc+ad _be+af

. _ de-cf) (a+tbx
2 Hypergeometric2F1[1, -n, 3 +m, 1—)—<—)—(b67aﬂ v ]

Gamma[2 + m]

Gamma[3 +m]

s B de-cf) (a+bx)
m Hyper‘geometr‘1c2F1[1, n, 3+m, (bea f) (csdx) }

+
Gamma [3 + m]

(de-cf) (a+bx)
(be-af) (c+dx)

1)/

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-

{f (a+bx) Hypergeometric2F1[1, -n, 3 +m,

((be-af) Gamma[3+m]) +

(de-cf) (a+bx)
(be-af) (c+dx)

n, 4+m, ] /((befaf) (c+dx) Gamma[4 +m] Gamma[-n]) -

[f (-de+cf) (a+bx)ZGamma[1—n] Hypergeometric2F1[2, 1-n, 4+m,

(de-cf) (a+bx)
(be-af) (c+dx)

/((be—aw‘:)2 (c+dx) Gamma[4 +m] Gamma[—n])] -

! f(3emen) (arbx) i (codx)n [22ETRIX) T oL gy 3
<_be+af> (1+m> -bc+ad
_be-bfx)2+mn 1 d(a+bx> n f(a+bx) -2-m-n
(fbe+a-F [ -bc+ad -be+af

. _ (de-cf) (a+bx)
2 Hypergeometric2F1[1, -n, 3 +m, et e ]

Gamma[2 + m] +

Gamma[3 +m]
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. ,
mHypergeometric2F1[1, -n, 3 +m, ‘decfiabx |
(be-af) (c+dx)

+
Gamma [3 +m]

(de-cf) (a+bx)
(be-af) (c+dx)

[f (a+bx) Hypergeometric2F1[1, -n, 3 +m,

1)/

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-

((be-af) Gamma[3+m]) +

(de-cf) (a+bx)
(be-af) (c+dx)

n, 4+m, be-af) (c+dx) Gamma[4 +m] Gamma[-n]) -
/ ((be-af) (c-dx) )

[f (-de+cf) (a+ bx)zGamma[lf n] Hypergeometric2F1(2, 1-n, 4+m,

(de-cf) (a+bx)
(be-af) (c+dx)

}/((be—a-F)Z(c+dx)Gamma[4+m]Gamma[—n]) +

! f(-3-m-n) (a+bx)*" (c+dx)" “be-bdx)™ (e+Fx)*m
b (1+m) -bc+ad

-be-bfx)3mn L d(a+bx)\" flasbx))>""

(—be+af [ -bc+ad -be+af

. _ de-cf) (a+tbx
2 Hypergeometric2F1[1, -n, 3 +m, 1—)—<—)—(b67aﬂ v ]

Gamma[2 + m]

Gamma[3 +m]

s B de-cf) (a+bx)
m Hyper‘geometr‘1c2F1[1, n, 3+m, (bea f) (csdx) }

+
Gamma [3 + m]

(de-cf) (a+bx)
(be-af) (c+dx)

1)/

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-

{f (a+bx) Hypergeometric2F1[1, -n, 3 +m,

((be-af) Gamma[3+m]) +

(de-cf) (a+bx)
(be-af) (c+dx)

n, 4+m, ] /((befaf) (c+dx) Gamma[4 +m] Gamma[-n]) -

[f (-de+cf) (a+bx)ZGamma[1—n] Hypergeometric2F1[2, 1-n, 4+m,

(de-cf) (a+bx)
(be-af) (c+dx)

/((be—aw‘:)2 (c+dx) Gamma[4 +m] Gamma[—n]) +

_ _ -1-
< 1)( >dn(aerx)l”" (c+dx>“ % ”(e+fx>,3,m,n
-bc+ad) (1+m _bc+a
(—be—bfx 3emn [1 d(a+bx))\" fla+bx))>""
-be+af -bc+ad _be+af

. B (de-cf) (a+bx)
2 Hypergeometric2F1 [1, n, 3+m, PP RN ]
Gamma[2 +m] +

Gamma[3 +m]
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. ,
mHypergeometric2F1[1, -n, 3 +m, ‘decfiabx |
(be-af) (c+dx)

+
Gamma [3 +m]

de-cf b
[f (a+bx) Hypergeometric2F1[1, -n, 3 +m, (de-cf) (arbx)
(be-af) (c+dx)

1)/

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-

((be-af) Gamma[3+m]) +

(de-cf) (a+bx)

n, 4+m,
(befaF) (c+dx)

/((be—af) (c+dx) Gamma[4+m] Gamma[-n]) -

[f (-de+cf) (a+ bx)zGamma[lf n] Hypergeometric2F1(2, 1-n, 4+m,

(de-cf) (a+bx)
(be-af) (c+dx)

/((be—af)2 (c+dx) Gamma[4 +m] Gamma[—n])] +

-n

- - — _ 3+m+
dn<a+bx)1+m (c+dx)’1*n(M (E+fx>’3’m’“{M men
b(1+m) -bc+ad _be+af
[ d(a+bx) ”[ ‘F(a+bx) -2-m-n
1- 1- Gamma [2 +m]
-bc+ad -be+af

2 Hypergeometric2F1 [1, -n, 3+m, AMM]

(be-af) (c+dx)
+

Gamma [3 + m]

s _ de-cf) (a+bx
m Hypergeometric2F1[1, -n, 3 +m, 3—)—(—)—(“73{) v ]

+
Gamma[3 +m]

(de-cf) (a+bx)

[f (a+bx) Hypergeometric2F1[1, -n, 3 +m,
(be-af) (c+dx)

1)/

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1 -
(de-cf) (a+bx]
(be-af) (c+dx)

((be-af) Gamma[3+m]) +

n, 4+m,

/((befaf) (c+dx) Gamma[4+m] Gamma[-n]) -

['F (-de+cf) (a+bx)?Gamma[l-n] Hypergeometric2F1[2, 1-n, 4+m,

(de-cf) (a+bx) ,
(be-af) (crdx) J/((beaf) (c+dx) Gamma[4 +m] Gamma[n])]+

-n 3+m+n

(asbx)" (csdx)n 209X

(e+Fx)’3’m’” (—be—bfx

-bc+ad -be+af
d(a+bx)\" fla+bx) )"
1-— 1-—— Gamma [2 + m]
-bc+ad -be+af

(be-af) (c+dx)

{ZHyper‘geometr‘iCZFl[l, -n, 3+m, {dechifaba |
N

Gamma[3 +m]
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m Hypergeometric2F1[1, -n m, de-ch) (abx)
ypergeometric { ’ > 3+m, (be-af) (c+dx)]

+
Gamma [3 + m]

(de-cf) (a+bx)
(be-af) (c+dx)

{F (a+bx) Hypergeometric2F1[1, -n, 3 +m,

1)/

(de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2,

((be-af)Gamma[3+m]) +

(de-cf) (a+bx)
(be-af) (c+dx)

1-n,4+m, /((be—af) (c+dx) Gamma[4+m] Gamma[-n]) -

[f (-de+cf) (a+bx)zGamma[1fn} Hypergeometric2F1[2, 1-n, 4 +m,

(de-cf) (a+bx)
(be-af) (c+dx)

] /((be—af)z (c+dx) Gamma[4 +m) Gamma[—n})} +

_ B - — _ 3+m+
(3 x] 7 (can) [“BEDX) T o mn (D22 DEX) T
b(1+m) -bc+ad _be+af
[ d(a+bx) ”[ ‘F(a+bx) —2-m-n
1- 1- Gamma [2 +m]
-bc+ad -be+af

. _ (de-cf) (a+bx
beyper‘geometr‘1c2F1[1, n, 3+m, beaf) (crdx) }

(be-af) Gamma[3 +m]

- 7d(de7cF) (a+bx) b(defcf)
(be-af) (c+dx)? (be-af) (c+dx)
Hypergeometric2F1[2, 1-n, 4 +m, E:z:i; E:i:i;] /((3+m) Gamma[3 +m]) -
d(de-cf) (a+bx) b(de-cf)

mn |- Hypergeometric2F1 [

(be-af) (codx)? (be-af) (cedx]

(de-cf) (a+bx)

(be-af) <C+dx)] /((3+m) Gamma (3 +m] ) -

d(de-cf) (a+bX) b(de-cf)
(be-af) (c+dx)?> (be-af) (c+dx]

(de-cf) (a+bx)
(be-af) (c+dx)

2,1-n,4+m,

fn(a+bx) Hypergeometric2F1|

2,1-n,4+m,

] /((befaf) (3+m) Gamma[3+m]) -

[d (de-cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-n, 4+m,

(de-cf) (a+bx)
(be-af) (c+dx)

}J/((beaf) (c+dx)*Gamma[4 +m) Gamma[-n] | +

[df (-de+cf) (a +bx)zGamma[1—n] Hypergeometric2F1[2, 1-n, 4 +m,
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(de-cf) (a+bx)
(be-af) (c+dx)

/((be—aﬂ2 (c+dx)zGamma[4+m1 Gamma[—n}) +

(de-cf) (a+bx]
(be-af) (c+dx)

[b (de-cf) Gamma[1-n] Hypergeometric2F1[2, 1-n, 4 +m,

1)/

((be-af) (c+dx) Gamma[4+m] Gamma[-n]) -

[be (-de+cf) (a+bx) Gamma[1-n] Hypergeometric2F1[2, 1-n, 4+m,

(de-cf) (a+bx)
(be-af) (c+dx)

}J/((beaf)z(udx) Gamma [4 +m] Gamma[fn])+
d(de-cf) (a+bx) b(de-cf)

(be-af) (c+dx)? (be-af) (c+dx)
de-cf) (a+bx)}/

be-af) (c+dx)
((be-af) (4+m) (c+dx) Gamma[4+m] Gamma[-n]) -
d(de-cf) (a+bx) . b(de-cf)
(be-af) (c+dx)? (be-af) (c+dx)

(de-cf) (a+bx)}J/

(be-af) (c+dx)

|

2(de-cf) (1-n) (a+bx) [

Gamma[1l - n] Hypergeometric2F1 [3, 2-n,5+m, E

2f (-de+cf) (1-n) <a+bx)2 (

Gamma[1l - n] Hypergeometric2F1 [3, 2-n, 5+m,

((befa-F)2 (4+m) (c+dx) Gamma[4 +m] Gamma[fn])

-n

(be-af) (c+dx)
(bc-ad) (e+fx)

(B (a+bx)™™ (c+dx)"

(e+Fx)’1’m’"
Hypergeometric2Fi |
1+

m, -n, 2+

m,

(-de+cf) (a+bx]

(bc-ad) (e+fx)
(be-af) (1+

n))

1|/ (¢

Problem 148: Attempted integration timed out after 120 seconds.

a+bx)" (A+Bx) (c+dx)" (e+Ffx) " "dx
[(arox)™ a8 (crdx)” (e s #x]

Optimal (type 5, 558 leaves, 4 steps):
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(Be-Af) (a+bx)1+m <c+dx>1*” (e+-Fx)’3’m’n
(be-af) (de-cf) (3+m+n)
((aF(AdF(2+m)+B(de(1+n)7cf(3+m+n)>)+
b(Be(de+cf (1+m))+Af(cf(2+n)-de (4+m+n)))) (a+bx)1”"
(c+dx)™" (esfx)>™"| /((be-af)? (de-cf)? (2+m+n) (3+msen))
1
(be-af)’(de-cf)?(1+m) (2+m+n) (3+m+n)
((2+m+n) (abcdf (Be-Af)+bde((aBcf+A(bde-bcf-adf)) (3+m+n) -
(Be-Af) (bc(1+m)+ad(1+n))) - (bc+ad)f
((aBcf+A(bde-bcf-adf)) (3+m+n) - (Be-Af) (bc (1+m)+ad(1+n)))) -
(bc(1+m)+ad(1+n)) (af (Adf (2+m)+B(de(l+n)-cf(3+m+n)))+
b(Be(de+cf (1+m))+Af(cf(2+n)-de(4+m+n)))])
(be-af) (c+dx) ™"
(bc-ad) (e+fx)
(de-cf) (a+bx)
(bc-ad) (e+fx)

+

<a+bx)1”" (c+dx)" (e+fx) "

Hypergeometric2F1[1+m, -n, 2+m, -

Result (type 1, 1leaves):

2?0
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Summary of Integration Test Results

159 integration problems

A - 114 optimal antiderivatives

B - 13 more than twice size of optimal antiderivatives
C - 27 unnecessarily complex antiderivatives

D - 4 unable tointegrate problems

E - 1integration timeouts



